THE CONIC AS A SPACE ELEMENT* 


BY 
ROGER A. JOHNSON 
INTRODUCTION 


In this article it is proposed to determine a system of codrdinates for the 
conic in space of three dimensions, analogous to the line coérdinates of Pliicker, 
and the similar systems for the circle in two and in three dimensions; and to 
study systems of conics by means of these coérdinates. 

The conic in space has been considerably studied in the last sixty years, but 
no systematic theory has been developed. In 1908, the Belgian Royal Acad- 
emy announced the offer of a prize for a discussion of the subject, but so far 
as the writer knows, no award was made. 

It will be of interest to summarize briefly the work that has been done in 
this field. 

In 1861 Grunert} treated the general theory of the conic as a space curve, 
in connection with the study of planetary orbits. Defining a conic by choosing 
arbitrarily a line as directrix, a point as focus, and the eccentricity, he deduces 
a number of analytic relations. He also treats a number of other problems, 
chiefly of interest to the astronomer. 

About the same time Chaslest laid the foundations of a theory of character- 
istics of conics in space, analogous to the well-known theory for conics in the 
plane. Hierholzer§ and Liiroth|| discuss similar problems. 

The earliest attempt to determine a set of codrdinates for a conic is doubt- 
less that of Spottiswoode.§{/ His coédrdinates are not the simplest nor the 
most natural ones, however. We shall touch on them later (§ 3, 6, footnote). 

A treatment somewhat analogous to parts of ours is given by P. van Geer.** 
His methods, however, are clumsy, and such of his results as are of value we 
can obtain by more direct methods. 
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Some parts of this paper are based on an article by Reye* on linear systems 
of quadrics. It will turn out most desirable for us to regard a conic as a special 
quadric envelope, and hence the methods of studying systems of quadrics are 
applicable to the study of conics. In the article in question, Reye does not 
give much special attention to systems of conics; but from his results we can 
derive at once considerable information concerning linear systems of conics. 

For the most part, however, systems of conics have been treated by pure 
geometrical methods. Several writers have studied particular systems, each 
defined in a special way. For example, Humbert} discusses the following 
system: through five fixed points there are ? cubic curves; of the ! that 
touch a fixed plane, the points of contact in general lie on a conic. Thus, 
a conic is determined in every plane of space; and the paper is a very inter- 
esting study of this system. The methods, however, are applicable only to 
this particular system, and the results no more general than this system. 
The same remarks apply to the papers of Pieri,t de Vries,§ and the first article 
of Montesano. || 

Since 1890, however, there has been developed a general theory of two and 
three parameter systems of certain types, the authors being Prof. Domenico 
Montesano of Pisa and M. Lucien Godeaux of Liége. The former{ has given 
a complete treatment of linear congruences,—that is, of two-parameter families 
with one member through an arbitrary point. In a paper read before the 
Rome Congress,** he sketched the theory of “ bilinear ”’ complexes or three 
parameter families. 

Godeaux, in a number of short notes,{{ has considered the same problems. 
In a later note,ff he called attention to some alleged errors in Montesano’s 
work, and offered corrections. This elicited from Prof. Montesano a rather 
spirited reply §§ showing deficiencies in the reasoning of M. Godeaux. Appar- 
ently they are in agreement as to the facts of the case. 

We shall not consider these matters further, for in the present paper we 
shall adopt a different point of view. Namely, these writers regard a conic 
as a curve of order 2, while we shall mean by a conic a degenerate envelope of 
class 2. Hence our totality of conics is a different entity from theirs, and in 
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dealing with systems of conics, which in general include degenerate members, 
the results will be different. 

In addition to his work on congruences and complexes Godeaux* has at- 
tempted to devise coérdinates for the conic in space. His most successful 
method is that of defining a conic as the intersection of a plane with a quadric 
linearly dependent on six fixed quadrics. The coédrdinates of the conic are 
then the four codrdinates of the plane and the six multipliers of the system 
of quadrics. He makes some use of these coérdinates in studying linear 
systems, but to us they seem to have little value. He suggests several other 
schemes, but they appear to be of even less use than the one we have discussed. 


1. DETERMINATION OF COORDINATES 


In studying conics in space, it is desirable to determine a system of coérdi- 
nates, such that to a conic there always corresponds a unique set of codrdinates, 
and conversely. 

Two simple methods of defining a conic suggest themselves. 

(a) If (11, ue, U3, Us) be homogeneous coérdinates of a plane, the equation 


4 
(1) > aj UzU; = 0 (ai; = aj) 


4,j=1 


represents an envelope of class two, which, when the matrix 


G31 Gyo G13 Ai4 


G21 -A22 23 


(2) 


431 G32 433 





41 G42 43 


is of rank three, is a conic. Conversely, any non-degenerate conic of space 

may be represented by an equation of the type (1) with vanishing discriminant. 
This suggests the possibility of taking as codrdinates of a conic a set of ten 

homogeneous numbers 

(3) (ai, Giz, ***, Gas) (ai = ays), 


which satisfy the quartic identity 


| 
G21 G22 G23 G24 | 
(4) | = 0. 


| 31 32 33 G34} 


| 
41 G2 13 
| 


G42 G43 a4 | 


*Bulletin de l’Académie Belgique, 1908, pp, 896-902. 
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For we have established a one-to-one correspondence between non-degener- 
ate conics and those sets (a) whose matrix is of rank three. 
(b) The second method of representing a conic is the parametric form 


(5) a; = a;s? + 2b; st +¢,? (i=1, -+-, 4), 


where the a’s, b’s, and c’s are constants, and (s,¢) are homogeneous pa- 
rameters. Any set of twelve numbers (a,b,c) define a conic uniquely, in 
general; but the converse is not true, since these coefficients may be changed 
by a linear transformation of the parameters which does not change the conic. 

The last remark suggests that we may get a desirable set of coérdinates by 
choosing functions of these coefficients that are invariant under all proper 
linear transformations of the parameters. The simplest invariants of the 
forms 
(6) a; 3? + 2b; st +¢;? 
are the expressions 
(7) wis = 4 (az,e; + ¢; a; — 2b; b;) 
whereof there are sixteen, reducing to ten by virtue of the obvious relation 
wi; = wj;. We have then, for any conic given by (5), a homogeneous set of 
numbers (7). Clearly they cannot be independent coérdinates of a conic; 
for since the conics of space form an eight-parameter family, we have one 
superfluous coérdinate. 

Let us see how the numbers (w) are related to the coédrdinates indicated 
under (a). We will find the condition that the conic (5) touches an arbitrary 
plane 

(vr) = 1X1 + Ve Xo + 137%3 + Hy = O.- 
The two points in which the conic cuts the plane are given by the equation 
(8) (va) s* + 2(vb) st + (vce) Pf = 0. 


These points coincide, and the plane touches the conic, if and only if 


' (va) (vb)| _ 
(9) (xb) (ve) =. 


Expanding this equation, we have by means of (7) 
4 


(10) bs Wj 0;0; = 0, 


i, j=1 
and we see that the ten numbers w;; are precisely the same coérdinates to which 
the first treatment led us. Thus it appears that they are very desirable 
codrdinates for a conic in space. 
We next wish to extend our notion of conic in such a way that the corre- 


spondence between conics and sets of codrdinates shall be without exception. 
Accordingly, we formulate the following 
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DEFINITION. Let 
Wi 2 Wi3 
|| We1 W23 
(11) 
W31 32 W33 
W41 2 W43 


be a set of numbers not all zero, satisfying the relation 


| W11 2 Wi3 Wi4 
Wo, We. Weg Weg! 
|= 0. 


| W31 32 W333 =W34)} 


(12) 
W41 2 W43 W44) 


Then the envelope of class 2, defined by the equation = w;; u;u; = 0 shall be 
called a CONIC. 

Obviously conics are to be classified according to the rank of the matrix (w). 

Case 1. (w) is of rank 3. Then the envelope is a non-degenerate plane 
conic, or, as we shall say, a proper conic. 

Case 2. (w) is of rank 2. In this case the left-hand side of equation (12) 
is reducible into two linear factors, and the planes satisfying (12) are the 
totality of planes passing through either of two fixed points. Hence the en- 
velope consists of these two points, and we shall call such a conic a point-parr. 

Case 3. (w) is of rank 1. Then the left-hand side of (12) is the square 
of a linear form, and the envelope is a single point counted twice. Such a 
conic we shall call a point-double. 

From this definition it follows that there is a complete one-to-one corre- 
spondence between conics of space and sets of coédrdinates w with vanishing 
determinant. But sets of n + 1 homogeneous coérdinates can always be put 
in one-to-one correspondence with points of a projective linear space of n 
dimensions. Hence we have the following representation of conics: 

Since a quadric envelope is determined by ten homogeneous coérdinates wi; , 
the totality of such quadrics correspond in a one-to-one manner with points of a 
linear space of nine dimensions Sy. In this domain the conics of space are 
represented by points of an eight-dimensional hyperspace of order four, whose 
equation is given by (12). We shall denote this spread S} by >. 


2. ELEMENTARY PROPERTIES 


1. Consider a conic (w) of rank 3. Write 


| 
| 


|We, Wee Weg 


Wir Wi2 W113 W14 | 


(1) A(w) =| 
|W31 W32 W33 


|W41 Wan Wa43 
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We shall denote the co-factor of any element w;; of this determinant by W;;. 
Then by hypothesis the W ’s do not all vanish, and 


4 4 
(2) A= pm Wij Wi = >» Wij Wi. 
i=1 j=1 


THEOREM. The adjoint matrix 

Wu Wi Wis Wis 
Wo Wee Wes Woe 

Wa We We Wu 

[Wa Wa Wap Was 


(3) 





is of rank unity. 

For at least one member is not zero, by hypothesis; but every two-rowed 
determinant of (3) has A as a factor, and hence vanishes. 

It follows that the W’s are dependent on four parameters; and in fact, if 
we set 
(4) Wy = Di, Wi. = D, Dz, Wis = D, Ds, Wu = Di Ds 
we obtain 
(5) Wi; = D; D; (i,j =1, -+-, 4). 


We can show at once that the D’s so defined are the coédrdinates of the 
plane of the conic. For in general the quadric 


4d 
(6) > wi usu; = 0 


i, j=1 
has one and only one singular plane, if the system 
Wy Uy + Wiz Uz + Wiz Uz + Wi Ug = O, 
Wo Uy + Wee Uz + We3 Uz + Weg Uy = O, 
W31 Uy + W32 Uz + W33 Uz + Wy Uy = O, 
War Ur + Wee U2 + Was Us + Wa Uy = 0, 


has one and essentially only one solution not consisting of zeros; i. e., if the 
matrix (w) is of rank 3. When this occurs, there are three of the equations 
(7) that are linearly independent; and by solving them we get the coérdinates 
of the plane. For example, if W1, + 0, so that the last three equations are 
independent, we have from these three 


(8) Uy U2: Us: Uy = Wy: Wyo: Wig: Wig = Di: D2: Dz: Da, 


as was to be shown. 
2. Consider next a conic (w) of rank 2. In this case, the equations (7) 
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are equivalent to two equations; and therefore the system has ! solutions, 
linearly dependent on two. That is to say, a conic of rank two has a pencil 
of singular planes. 

We have noted that in this case the envelope consists of two points; and 
it is obvious that the singular planes are the planes through both of these 
points. Hence the axis of the pencil is the line joining the two points. We 
shall call this line the azis of the conic. Its codrdinates may be found as follows. 

Each of the equations (7), in which not all the coefficients vanish, is the 
equation of a point, whose coérdinates are the coefficients of the u’s. Further, 
since every singular plane satisfies (7), these points lie on the axis of the conic. 
For definiteness assume that 

| Wir Wie | 


| + 0. 


|We1 Wee | 

Then (wi, Wi2, Wiz, Wig) and (We1, Wee, We3, Wo4) are codrdinates of two 

distinct points on the axis, and the pliicker coérdinates of the latter are 
accordingly given by 

Wii Wi 


(9) Piz Pij = 


| 
| 
| 
| 
' 


| Wei Wey 


where pj is a constant factor not zero. 
Similarly, for any two distinct equations of (7), 


Wmi Wmj | 
(10) Pmn Pij = 
Wni Wnj 


To determine pm, set? = 1,7 =2. Then 


| | 


(Wmt Wm2| | Wim Win| 
(11) Pmn Piz = | | =| | = P12 Dmn» 
|Wnt Wn2| Wem Wen 
whence if we take pi2 = pi2, we have pmn = Dnn- 
Obviously also when Pm = 0, then pmn = 0 also; and we have the 
THEOREM. Let (w) be a conic of rank two, and let (p) be the pliicker 
codrdinates of its axis. Then 
Wim Win| 
(12) Pij Pmn = | i+ 
|Wjm Win | 


3. Consider a conic (w) of rank 1. We have 


4 
(13) p Wy Uzu = (a U1 + 2 U2 a 3 U3 + v4 us)? 


i, j=l 
and hence 
(14) Wii = Uj Xj. 
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Hence when a conic is a point-double, we can at once write the coérdinates of 
its point; and conversely, we have at once the w-codrdinates of the point- 
double at any point. 


3. RELATIONS TO Point, LINE, AND PLANE 


It is now proposed to determine the representation in S, of simple systems 
of conics in space. 

1. First let us recall that a set of codrdinates (w) define on the one hand a 
quadric envelope, and on the other hand a point of a nine dimensional space Sy. 

If, in particular, 
(1) A(w)=0, 


the envelope is a conic, and the corresponding point lies on a quartic hyper- 
surface which we shall call 2. 
2. The condition that a conic be tangent to a plane (uw) is obviously 


4 
(2) } Wi UjUu; = 0. 
i, j=1 

When (2) is given, this is linear in (w). Hence we have the result: 

The totality of conics that touch a fixed plane (u) are represented in Sy by the 
intersection of = with a hyperplane whose equation is (2). 

Evidently there are ~* such hyperplanes. We will now show that they are 
precisely the tangent hyperplanes to >. For the equation of 2 is A(w) = 0, 
and the polar hyperplane, with regard to 2, of any point (@) is 


vii = 0; 


x 0A (wv) 


i,j=1 OwW,; 


and this may be written 


4 
(3) a J i wii = 0. 
t, j=l 
In particular, this hyperplane contains (w) itself if and only if A(w@) = 0, 
and hence (#) is a point on 2. In this case (@) corresponds to a conic, 
and the plane of the latter is given by W;; = v;2;. Hence at any point (@#) 
of >, the tangent hyperplane is given by 


4 
(4) >» Vj Vj Wij = 0, 


t,j=1 


where (v) is the plane of the conic (#@). It follows that the hypersurface = 
has the same tangent hyperplane at all points which correspond to conics in any 
given plane; and hence it has only ~* tangent hyperplanes, each touching it at ® 
points. The S$ (spread of 7 dimensions and order 4) in which a tangent 
hyperplane cuts = corresponds to the totality of conics that touch the plane. 
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It is clear that these remarks apply only to points of = that correspond to 
proper conics; for at other points the tangent hyperplane is indeterminate. 
That is, the points that correspond to point-pairs and point-doubles generate 
a singular locus on 2; but at ordinary points > is of a nature analogous to 
that of a developable surface. To complete the analogy, we observe that 
the «° points of tangency of a tangent hyperplane form a linear spread. For 


the conditions that the plane (v) be a singular plane of the envelope 


4 
Zz. wi uju; = 0 


i, j=1 


are clearly the four equations 
(5) Wi V1 + Wie V2 + Wis V3 + Wis Vs = O (i=1, +++, 4) 


If (v) be given, and the w’s be regarded as independent variables except 
for the conditions w;; = w;;, then these equations are independent. From 
them, however, A(w) = 0 is a consequence, so that any quadric (w) which 
satisfies (5) is a conic in the plane (v). Hence the conics in a given plane 
are the totality of solutions of four linear equations, and so they compose a 
linear five-parameter family S;. Summarizing, we have the 

THEOREM. The points of Sy corresponding to the conics in a given plane form 
a linear S;. Through each ordinary point of = there passes one and only one 
such S;, which is the totality of points of contact of the tangent hyperplane to 2 
at that point. 

3. In an article on linear systems of quadrics,* Reye deduces a number of 
results which give us at once several important theorems. He determines 
the dimension (Stufe) and order (Grad) of the family of conies which satisfy a 
given condition; from which we have at once the nature of the spread in Sy 
that represents the family. We shall not reproduce his work, which is rather 
long; but presently we shall summarize his results. 

4. We next determine the equation, in point codrdinates, of the cone from a 
point (y) toa conic (w). 

First let us find the cone from a fixed point (y) that envelopes a proper 
quadric (a) 

4 
(6) > ayUjiu = 0. 
i, j=1 
Let (2) be any point, then the condition that a point \(z) + u(y) on the 
line (yx) also lie on the quadric (6) is found by means of the point-equation 
of the latter, 


* Loc. cit., Introduction. 





0 
An + ey 
| Are + wY2 
Ars + BYs 
| Ary + mys 


ai + wy 


ai 


a1 


a31 


a41 
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22 


32 


a4 
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Ars + MYs 
au 
24 


34 





a44 


This is quadratic in \: 4. Its roots will be equal and the line will touch the 


quadric, if and only if 


lO nm ye Ys yl Yi Yo Ys Ya! 
| 


1 iy ay ai ay 


re 


v3 











ty ay 44 TM Ay 44 41 44 | 


Since A(a) + 0, this equation is equivalent to the following (cf. Bécher’s 


Higher Algebra, p. 31). 
0 2 &% 


0 ‘ ¥3 


ai2 13 


a22 23 


| 73 a32 «633 
| 
| &4 a41 


a42 «43 


and this is accordingly the equation of the cone. 
If we start with a proper conic instead of a quadric, this method fails. 


Let 


the conic be 


(10) A(w)=0. 


wy uu; = 0, 


> 


i, j=1 


We form the equation 


4 
LD (wi t+ pyiys)uiu=0, p #0, 


i, j=1 


(11) 


which is a quadric through (w) and having the point (y) as vertex of the 
tangent cone along (w). Setting ai; = wi; + pyiy;, we have 


4 


4 
(12) A(a)=A(w)+p Lyiy Wi =o D id; yi ys = p (dy). 
J= 


i, j=1 
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If (y) is not in the plane (d) of (w), and we take p + 0, then A(a) + 0, 
and (a) isa proper quadric. Applying the previous result, we get the desired 
equation in the form 


0 O 21 2X3 x 
0 0 yi Yo Ys Ys 
xX 2 Wit pyi Wie t py Y2 Wis t+ pyi Ys Wis + PY Ys 


(2 Yo Wat pyey 
%3 Ys W3i + pys yi 
1% Yg War + pys yi 


This may be simplified by subtracting multiples of the second row from later 
rows in an obvious manner. This leads to the 

THEeorEM. The equation of the cone drawn to any proper conic from a point 
(y) not in its plane is 


% 2 W441 . ° W44 | 


Remark. It is easily shown that if (y) be a point in the plane of (w), 
then (14) becomes (yx)? = 0, where (yx) = 0 is the equation of the plane. 

5. We shall next determine the order of the S, that represents conics through 
a fixed point. 

In the first place, if (w) be a eonic whose plane does not pass through 
(0,0,0,1), then the cone from this point to (w) is given by 


| 0 v1 v2 v3 


YT Wi Wi Wi3 


t2 Wei We2 We3) 


T W331 W322 W33) 


Conversely, if P :(a1, %,2%3, 24) be a fixed point, the conics (w) that 
satisfy (15) are those that meet the line from Py :(0,0,0,1) to P. For 

(a) if W44 + 0, the plane of the conic does not pass through Po : and since 
P lies on the cone, the element Po P of the cone meets the conic; 
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(b) if Ws, = 0, (15) is the equation of the plane of (w); and since both 
P and P, lie in this plane, their line meets (w) twice. 

Now a conic passes through P if and only if 

(1) its plane passes through P, and (2) it intersects one line through P, 
not lying in its plane. 

We shall consider the line Pp P. The conics that meet it satisfy (15); 
and this defines in Sy a hypersurface S$. The conics whose planes pass 
through a fixed point P form, as Reye (loc. cit.) shows, aS}. The points 
common to a Sj and a S$ form a Sj’. We have just seen that these include 
two sets of conics: first, the conics through P , and second, those whose planes 
pass through Py P. The latter, as Reye (loc. cit.) shows, correspond to a S$. 
Hence the conics through P are represented by a S}, and we have the 

TueoreM. The conics which pass through a given point P are represented 
in Sy bya Sj. 

6. By methods similar to those of part 4, we can prove the 

TueoreM. Let 


4 
> aju;u; = 0 


i, j=1 
be any quadric envelope. Let the pliicker codrdinates of a line be given by 
Po = 723, Po2 = 731; Pos = 712; ete. 


Then the equation 
aij ail 


4 
i Tix Tit = O 
1 


Any Axi! 


has the following interpretations: 

(a) If (a) is a proper quadric, (2) touches it. 

(b) If (a) is a proper conic, (a) meets it. 

(c) If (a) ts a point-pair, (2) meets its axis. 

(d) If (a) is a point-double, the equation is satisfied identically. 

For convenience we make the following 

Derinition. A line (2) shall be said to intersect a conic that is a point-pair, 
when it intersects the axis of the latter. 

We have then the 

TueoreM. The totality of conics that intersect a given line (2) are repre- 
sented in Sy by the total intersection of = with the S3 whose equation is 

4 | Wij Wil 

(16) >. Tik Til = 0.* 
1 


Wri Wk 


*In equation (16), if (w) be regarded as fixed, the equation is that of the complex of lines 
that meet the conic (w). The coefficients may thus be regarded as coérdinates of the conic. 
This is essentially the system of coérdinates used by Spottiswoode. (See Introduction.) 
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” 


There are ©‘ such S{’s, corresponding to the lines of space; and they 
have in common the singular locus (see below) that represents point-doubles. 

7. We will close the section with a tabular summary of the correspondence 
we have developed, including the results obtained by Reye. The latter are 
indicated by the symbol #. 


In S; In Sy 
Quadric envelope Point 
Conic Point of Si = = 
Conics in fixed plane S; lying in = 
Quadrics touching a fixed plane Ss. Touching = at all points of a Ss 
Conics whose planes pass through fixed point S$ # 
Conics whose planes pass through fixed line Si # 
Conics which pass through fixed point S8 (5) 
Conics that meet a fixed line S$ (6) 
Point-pairs S1°# 
Point-pairs whose lines meet a fixed line Si°s 
Point-pairs with one member on given line Si 
Point-pairs with both members on given line S} 
Point-pairs with both members in given plane S} 
Point-doubles S$ 
Point-doubles in given plane S34 
Point-doubles on given line ‘ S? 


AY AY AY AY AN AF 


4. RELATIONS BETWEEN CONIC AND QUADRIC 
Let us determine the conic in which a given plane cuts a given quadric. 
We observe that this is exactly dual to a problem already treated (§ 3, 4); 
hence we need not repeat the work. The result is as follows: 
TuEeorEM. The condition that a plane (u) touch the conic (w) in which a 
given quadric 


4 
(1) Zz. a; 2,2; = 0 


i, j=l 

is cut by a given plane (Ai, Az, As, Ag) t8 
Us 

Ay Ag 


aii Aye 
21 22 
431 432 


U4 ‘ 441 Ag 


Hence the coérdinates of the conic are immediately written down. If, in 
particular, the plane (A) touches the quadric, equation (2) reduces to the 
equation of the point of contact, counted twice. 
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We next determine conditions that a conic lie on a given quadric. These 
conditions do not seem capable of very simple expression. We will treat the 
problem in two ways. Of these, the former gives a redundant set of con- 
ditions; but as usual in such cases, it is impossible to choose a set which will 
in all cases be sufficient and independent. The second method, on the other 
hand, gives exactly the right number of equations; but they are complicated 
in form. 

First MeTHopD. If ; 

(3) p 2 AijUjujy = 
i, j=! 
be a proper quadric, and 


4 
De Wii Uz Uj = O 
i,j=1 


a conic lying on it, then one member of the pencil linearly dependent on them 
will be the pole of the plane of (w), counted twice. (This is well known in 
the theory of quadrics.) Hence (w) lies on (A) if and only if there is a 
number & such that the matrix 

| Au +hwy Aist+ kw Ais + kwi3 Arg + hwy || 


1} 
|| Aor + kway ° | 


| 
| 
| A3 + kw ° . ° ° . e ° ° e ° ° ° ! 
| 
| Ay ot. kway, ° e ° . ° ° ° ° ° ° ° - || 


is of rank 1. This gives a number of quadratic equations in k, of the type 


| wir W12 | Wy Ap Ay Wiz [An A 
(5) Fk] +k + =0 


| wa W22 | Wo, Age Ay. We Ag Ag: | 


The required conditions are that these equations all have a common root, 
and we may obtain them by equating to zero the resultant of each pair of 
them. These equations are necessary and sufficient, but are not independent. 

SECOND METHOD. This consists in making a non-singular linear transfor- 
mation that carries the plane of the conic into the plane (0,0,0,1). Leta 
proper quadric be given by the point equation 


t, 


1 


4 
(6) > aj;a2;=0, A(a)+0, 
j= 


and hence by the tangential equation 


4 


(7) >» Ay UjUu; = 0, 


t, j=1 
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where, as usual, A;; is the cofactor of ay; in A(a). Let (w) bea conic, 


(8) Lewyusuj=0, A(w)=0, 


i, j=1 


and denote the codrdinates of its plane by (d). Then 
4 

(9) W,;=d:d;, Xiwyd; =0 
i=l 


Case 1. dy =0. Then without making the transformation indicated 
under case 2, we can carry on the later work directly, as will be obvious. 
Case 2. dy+0. The linear transformation 
u, = dguy — du, 
Ur ds Us — deus 
(10) 
U3 dy u3— dz U4 
Us — dyuy 


is non-singular and involutory. We will apply it to the quadratic equations 


4 
(11) Wiz Ui Uy = O 
t, j=l 
4 


(12) Dd Ag us uy = 


t, j=l 
We find that the former goes into 
3 
(13) Do wyu;u;, = 0, 
t, j=l 


while the latter goes into an equation whose matrix is 


q | 
@ Au di Ars @Ay —-& Dida | 
i=l 


4 
di An di Aso d? Ass — ddd; An 
é=:1 


4 

dj Asi di Ase di Ass — dy dod; Ais | 
i=1 

| 





! 4 4 : 4 
|-@ didn -& dda —dVdida + DV did Ay 
| ‘Sad i= i=l 


i, j=1 | 
so that this equation may be written 


3 t=4, j=3 4 
(15) di Do Aguiu; —2dy DE dj Agus ui + ( » dd; Ay) ui = (0. 
i i=1 i 


é, j=1 t, j=1 
j=1 
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We shall for brevity represent this equation by 


4 
D kiyu;u; = 0, 
= 


1 


and denoting the cofactors of the elements k;; of (14) by Ki;, we get the result: 
The effect of the transformation (10) on the quadric 


4 
(7) Z aM = 0 


t, j=! 
is to carry it into the quadric 


4 
(16)  Ky2ia; =0. 


i, j=1 
We next find the conic in which this quadric cuts the plane (0,0,0,1). 
In formula (2) set (A) =(0,0,0,1), and a; = Ki. We get 
O wy Us Us 
a Ku Kis 
(17) oe , | =0 
U2 Koy 2 Ko! 
; Ka 2 K33\ 


as the equation of the conic. But 

Ki; Kim VA (k ) 
(18) = - ht v)y 

Ky; | 
where M is the algebraic complement of kj; km, in A(k). Hence (17) reduces 
to 
(19) 

Kegs 
and this is the conic in which the quadric cuts the plane of the given conic, 
after the transformation (10). 
This coincides with the given conic if and only if 
Kes is . . 

(20) puijy= (7,j3 =1, 2, 3), 


vj4 kg 4 


or, when we replace the k’s by their values from (14), and set d;d; = Wi;, 


4 
Was Ay — Wu Ay| 
fF | 
(21) pw = (i,j =1, 2,3). 


4 4 
—>WuaAu DL Wm Am 
l=1 


Z,m=1 
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These equations are six in number, but they involve an inessential factor p. 
By eliminating it, we get exactly the correct number of equations, namely five. 


5. RELATIONS BETWEEN Two Conlics 


Let (a) and (b) be any two conics. The quadrics linearly dependent on 


them, 
4 


(1) (Aas + wbizs) usu; = 0 

j=l 
form a one-parameter family called a series. Among them there are in general 
four conics, given by values of \ : u that satisfy the equation 


(2) A(da + wb) = 0. 


It is known that this equation is invariant under all proper collineations; 
hence the vanishing of any one of its coefficients is the condition for some 
special projective re!ation between the two given conics. 

We shall represent (2) by the equation 


(3) MA(a)+N¥uO(a,b)+ Vw O(a, b)+ dw O(b,a)+ wt A(b) =0 


and shall refer to the functions 9 (a, b),0(b,a), ®@(a,b) as the invariants 
of the two conics. We observe that the coefficients of \‘ and y‘ are the dis- 
criminants of the conics (a) and (b) respectively, and hence are vanishing 
invariants. We propose to investigate the meaning of the vanishing of the 
invariants 9 and ®. 

These expressions are 


4 4 
O(a,b)= > by Ay, O(b,a)= > ai; Bi, 
1 


i, j= t,j=1 


bi a3 14 


boy - a23 


bsi bse 434 


(4) é(a,b)=@(b,a)=>> 


bai Dae Q43 «(44 


the summation being effected by replacing in turn every pair of columns of 
a’s by the corresponding b’s, and adding all these determinants. 

1. Suppose O(a, 6b) = 0. 

Case a. Let (a) be a proper conic. Denoting the coédrdinates of its 
plane by (a1, a2, a3, a3), we have Ai; = a;a;. Hence 


t, j= 


4 4 
O0(a,b)= > b,; Ay = D> di; a; a, 
1 . 


t,j=1 
Trans. Am. Math. Soc. 24 
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and so when 0 (a,b) vanishes, we have 


(5) DX bi a: a; = 0, 
t,j=1 
and (a) is one of the planes that touch the envelope (b). 
Case b. Let (a) beadegenerate conic. Then A;; = 0 (7,7 =1,---,4), 
and for every conic (b) we have O(a, b) = 0. 
Remark. It is obvious that the equation 


4 
Do bis a: 0%; = 0 


1 


t,J 


is satisfied whenever the conics (a), (b) are coplanar. 

We have then the result: 

THEOREM. The equation 0(a,b) = 0 is satisfied if and only if one of the 
following occurs: 

(1) The conics (a) and (b) are coplanar; (2) (a) is a proper conic 
whose plane touches (b); (3) (a) is a degenerate conic. 

2. If now we interchange (a) and (b), we have the interpretation of 
0(b,a): 


3. We next consider the equation 
@(a,b)=0. 


Case a. The conics are coplanar. We have already mentioned that the 
functions 6, ® are invariant under any non-singular linear transformation. 
If we make such a’ transformation, carrying the common plane of the conics 
into the plane (0, 0,0, 1), their matrices assume the forms 


: P ; ‘ ‘ P 
Gy, Gs, A 3 O bi, by bis 0] 
A, M2 a; O by, bp by, 0 


a3, As As 0 |’ bs, bs bss 0}’ 
0 O 0 O 0 0 O O 


and we see by inspection that ®(a’, b’) = 0. Hence the invariant ® of two 
coplanar conics vanishes. 

Case b. If either conic is a point pair, then as we saw in 2, the two-rowed 
determinants of its matrix are expressible as products of the pliicker coérdinates 
of its axis. If (b) is a’point-pair, then ®(a, b) = 0 reduces to 

Qik Git 


4 
> | Ti; 7 =O, 
1 


|Qjk Aji 


where the x ’s are pliicker codrdinates of the axis of (b). But this (§ 3) is 
the condition that the line (7) meet the conic (a) when the latter is a 
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proper conic; and if it is a point-pair, the equation means that the axes of 
the two point-pairs intersect. 

If either conic is a point-double, ® vanishes identically. 

Case c. The remaining case is that neither of the conics is degenerate, and 
they lie in distinct planes. 

To simplify the work, we may without loss of generality take as the planes 
of the conics the planes (0,0,0,1) and (1,0,0,0) respectively. Then 
their matrices are 





411 Gio a3 0 0 0 0 0 } 
G21 22 23 O O boo bos dog 
31 32 33 O O Dds. bss dss |’ 
0 0 0 0 0 bao bag bas J 
and ® = 0, reduces to the expression 
di ay2| | bss bss! a1 413 bos bog! M11 G13 boo dog 
(10) | . ‘= 2 . =(). 
|@21 22 bas Das | M31 32 bis Das 31 33 bso Das 


We will determine the pair of points in which the line common to the planes 
of the conics cuts the conic (a). 
The cone from the point (0,0,0,1) to the conic (a) is (§ 3) 


O 21 2 2s 
Y, Gay Ay 413 
(11) = 0. 
V2 G21 22 3 
3 G31 G32 33 
This is cut by the line 2; = 0, 2; = 0 in the two points found by setting 
x, = 0 in this equation. We have 
Qi1 413 a1 12 


— 220 x3 + 23] =0 
a3, 32 | do1 a2 





(12) x3 | 
|@31 33 


Similarly, the points in which (b) cuts this line are given by the equation 
| bss bss bes bog bee bo, | 


(12’) ro ca 2x2 v3 
bie bas | 


"thes Ge \Des Bas 


to 


2 


vs 








Then the well-known condition that the roots of two quadratic equations 
separate each other harmonically gives us 


@(a,b)=0 
by means of equation (10). 
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Summarizing, we have the 

THEOREM. Two conics (a) and (b) satisfy the relation ®(a,b) =0 
if and only if one of the following occurs: 

(1) They are coplanar. (2) They are proper conics in different planes, and 
separate each other harmonically on the line of intersection of their planes. (3) One 
of them is a point-pair, and its axis meets the other. (4) They are both point- 
pairs, with intersecting axes (special case of (1)). (5) One conic 18s a point- 
double. 

4. The condition that two conics intersect at a point is simply expressed 
in terms of these invariants. Salmon* shows that if two cones have a common 
tangent plane, the two remaining cones of their pencil fall together. 

Dually, if two conics have a common point, the other two conics linearly 
dependent on them will fall together, and conversely. 

Let (a) and (b) be two conics, and let 


Ciy = ay + di. 
The four conics of the series (c) are given by 
A(c)=0, 
or, since we know that (a) and (6) are two of them, the others are given by 
NWO(a,b)+rAu@(a,b6)+ WO(b,a)=0. 


As we have remarked, (a) and (6) intersect if and only if this equation has 
equal roots, so that we have the result: 
THEOREM. Two proper conics, (a) and (b), intersect if and only if 


20 (a, 6) @(a,b) 
(a,b) 20(b,a) 


It is seen that this equation is quartic in the codrdinates of either conic; hence the 
conics that meet a fixed conic are represented in S, by a S}°, the total intersection 
of = with a S. 


6. COMPLETE AND INCOMPLETE SYSTEMS—THE INCOMPLETE LINEAR 
SYSTEMS 


We have seen that every set of numbers (wi, wiz, ++, Was), (Wi = Wj), 
are the tangential codrdinates of a quadric; and in particular, any set that 
satisfy the relation 
(1) A(w)=0 





* Geometry of Three Dimensions, 3d ed., § 202. 
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are codrdinates of a conic. Any set of equations on the w’s, of which 9 — r 
are independent, determine an r-parameter system of quadrics, and of these, 
the ones that satisfy (1) are conics. Hence in studying systems of conics 
defined by equations, we recognize two distinct cases. 

Case 1. The equation (1) is not a necessary consequence of the given 
equations. Then the latter are satisfied by ©” quadrics, which include «7 
conics given by the further equation (1). Such a system of conics we shall 
call an incomplete system. 

Case 2. The equation (1) is satisfied by every solution of the given equa- 
tions. Then every one of the solutions of the latter is a conic, and the 
system consists of ©” conics. A system of this sort we shall call a complete 
system. 


In the nine-dimensional representation of conics and quadrics, a set of 
9 — r independent equations define a spread of dimension r. In case this 
does not lie entirely on 2, we have an incomplete system, represented by its 


intersection with 2. In case we have a complete system, the S, lies entirely 
on 2. 

Linear systems constitute an important case. The quadrics that satisfy 
9 — r linearly independent linear equations may be given as linearly dependent 
on r + 1 quadrics and are represented in Sy by a linear S,._ In general, this 
will cut = in a S!_,, and we have an incomplete linear system; but it may 
happen that the S, lies on 2, so that every solution 


(1) (r+1 
(2) wis = Arai} +++ + Ay air” 


satisfies (1), and then we have a complete linear system. 

We have already seen the existence of a complete linear system, namely 
the «° conics in a plane. In the following section we shall determine all 
possible complete linear systems. We take up first incomplete systems. 

Evidently it is desirable to study these by means of linear systems of quad- 
rics. The latter have been somewhat studied, and in the simplest cases they 
are well known. The general one, two and three parameter systems of quadric 
envelopes are treated in the Encyklopédie, III C2, § VII, § XII, § XIII. 
The remaining cases are briefly treated in the same place, § XIV. The most 
important work on the subject is that of Reye, in the paper to which we have 
already referred (Introduction). In this paper he considers linear systems of 
point-quadrics and of envelope quadrics of all dimensions from one up to eight. 
From his results, obviously, we can get at once important facts concerning 
the systems of conics included in his systems of quadrics, though he says little 
specifically about these conics. 

Before considering linear systems, we need to discuss the relation of apolarity, 
which is closely related. 
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DEFINITION. Let 


3 
(3) p> ay ti, Xj = 0, 


+ 


(4) ae bij Ujiu; = 0 


t, i=1 


be two conics ina plane. If the relation 


3 
(5) >» ai; bi; = 0 
i, j=1 
is satisfied, the conics are said to be APOLAR.* 

The geometrical meaning of the relation is that there exists a triangle self- 
conjugate with regard to (a) and circumscribed to (b) ; and dually, a triangle 
self-conjugate with regard to (b), and inscribed in (a). In either case, 
when there is one such triangle there are infinitely many. 

A line pair or a point pair is apolar to another conic if its members are con- 
jugate with regard to the latter. A line-double is apolar to a conic if the 
line touches the conic, and a point-double is apolar to a conic if the point lies 
on the conic. 

We next define apolarity of quadrics. 

DeFINiTION. Two quadrics 


4d 
> bij x; 2; = 0, 


i, j=1 


4 
(7) bs a;;ujuj = 0 


i,j=1 


that satisfy the relation 


4 
(8) x aij bi; == () 
i, j= 
are said to be apolar to each other. 

TuEeorEeM. Two apolar quadrics, neither of which is degenerate, have the 
property that there exist tetrahedra self-conjugate with regard to the one and 
inscribed in the other; and dually there exist tetrahedra self-conjugate with regard 
to the second, and circumscribed about the first.t 

This proof fails when either quadric is degenerate. We shall next determine 


* Various other names are used for this relation, The word “apolar” is due to Reye, 
who also uses the expressions that (a) supports (stiitzt) (b), and that (6) rests on (ruht 
auf) (a). English writers call (a) harmonically inscribed in (b). Rosanes calls the two 
conics conjugate. 

+ For proof see Hesse’s Vorlesungen, Kap. 16, p. 190. 
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the meaning of apolarity between a proper conic 


i, j=1 


4 
(9) Di wyusuj=0, A(w)=0, 
and an unrestricted}point quadric 


4 
(10) ) ® aye rj = 0. 


i,j=1 
The relation is 
4 
(11) Dd ay wy = 0, 


t,j=1 


and this is evidently an invariant for non-singular collineations of space. 
Hence there is no loss of generality if we take 2, = 0 as the plane of the conic 
(w). Its equation then becomes 


3 
& Wij UjiU; = 0 


4,j=1 


and the relation of apolarity is 


3 
(12) Ps aj;wi = 0, 


t,j=1 
whence the 

THEOREM. The conic (9) is apolar to the quadric (10) tf and only tf it is 
apolar to the conic in which its plane cuts the quadric. 

Similarly it can be shown that if a point-pair is apolar to a quadric, its mem- 
bers are conjugate with regard to the quadric. For a point-double, the 
condition is that the point lie on the quadric. 

Now it is clear that every quadric (w) whose codrdinates satisfy the linear 
equations 

4 
(13) ) a;j wz = 0 


‘,j=1 


s apolar to each of the quadrics 


4 
(14) D> (a) +--+ +2, a%)) a2; = 0. 
t,j=1 


This system we shall call the basal system of the linear system of quadrics (w) 
defined by (13). 

‘ We shall denote the system of »” conics (embedded in ** quadrics) 
defined by a set of linear equations (13) of which 8 — r are linearly inde- 
pendent, by L,, and we now proceed to study the systems L, from r = 7 to 
r=0. 
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1. The J, or seven-parameter family is defined by one equation 


4 
(15) > aj Wii = 0. 


i, j=1 


Then the basal system consists of a single quadric 


4 
(16) z, ay titi = 0, 
i, j=1 
and every conic of the family is apolar to this quadric. 

We have then the result: In the general L,, the conics that lie in any plane 
are those which are apolar to a fixed conic in the plane, this fixed conic being the 
intersection of the plane with the base quadric (16). The system contains de- 
generate conics; in fact, the point-pairs of the general I; are ~*® in number. An 
arbitrary point of space may be associated with any one of the ~* points of its 
polar plane in the base quadric to form a point-pair of the I,. The point-doubles 
of the system consist of the points of the base quadric itself. 

The only planes, in general, in which the configuration is projectively 
different from that of the general plane are those tangent to the base quadric- 
In such a plane the base quadric cuts a pair of lines; and these are conjugate 
with regard to every conic of the J, in this p‘ane. 

Special types of Ly. 

(A) The base quadric is a cone. 

The system has then the following distinctive features: 

(a) the o? special planes pass through the vertex; (b) there are «! of 
them, the tangents to the cone, in which all the «* conics of the J, touch a 
fixed line; (c) the vertex of the cone is singular, in that it can be associated 
with any point of space to form a point-pair of the L,. 

(B) The base quadric is a plane-pair. 

In this case we have singular planes; namely the J; includes every conic 
in either of the planes of the basal plane-pair. 

Conversely, if an I, includes all the conics of any plane, its basal quadric 
must be a plane-pair of which this plane is one member. 

(C) The base quadric is a plane-double. Then (15) is of the form 


4 


dd; d; wij = 0. 


i, j=1 


We have studied this system ($3, 2) and have seen that it defines the 
quadrics that touch the plane (d); in particular, then, the conics of the 
system are those that touch (d), including those that lie in this plane. In Sy 
this equation represents a hypersurface tangent to = at all points of a S;. 
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2. The L¢, or 6-parameter family, is defined by two distinct equations 


4 4 
(17) >» ay Wii = 0, } bj; vii = 0. 
t,j=1 t, j=l 
The basal system consists of the pencil of quadrics 


4 

> (Xai; a ab;;) 2; 2; =(. 

i, j=1 
These have, in general, a common quartic curve C,. Conversely, any conic 
apolar to two quadrics of the system (21) is apolar to all, and hence belongs 
to Ls ° 

The conics of the Z¢ in an arbitrary plane are «* in number, and are apolar 

to all the conics of the pencil in which the basal system cuts the plane. The 
latter conics pass through the four points P;, P2, P3, Ps, in which C, inter- 
sects the plane; and among them are in general three line-pairs. Each of 
these is a conjugate pair with regard to any conic of the Lg. Conversely, if a 
conic has two of these as conjugate line-pairs, then it is apolar to two distinct 
quadrics of the basal system, and hence belongs to the L¢. 


This gives us the following 

TueoreM. Leta plane (2) cut C in the four points P;, P2, P3, Ps. Then 
the conics of L¢ that lie in (2) are those that have these points as a “ polar quad- 
rangle.” (Cf. Reye, Geometrie der Lage, 4th ed., vol. 1, p. 261 ff.) 


Degenerate conics of the L,. The point-doubles are necessarily common to 
all the basal quadrics, and hence are the points of the C,;. The members of a 
point-pair must be conjugate with regard to each of the basal quadrics. It is 
known that the polar planes of a point P with regard to a pencil of quadrics 
meet in a line /,. Hence P and any point of this line form a point-pair of 
the Ls. 

There are, however, four points which are exceptional to the above state- 
ment, namely the vertices of the cones of the basal pencil. We have then the 
result: 

TueorEeM. The point-doubles of Le are the ~' points of the curve Cs common 
to the basal quadrics. There are four of them in an arbitrary plane (cf. §3 
at end). An arbitrary point determines a line, any point of which may be asso- 
ciated with it to form a point-pair of the Lg. But there are four singular points, 
the vertices of the cones of the basal system, each of which can be so associated 
with any point of the plane of the other three. 

We have seen ($3) that the point-pairs whose members lie on a given 
line are represented in Sy by a S2; hence any S; contains one of them. Hence 
the 

TueorEM. The L¢ includes one point-pair whose members lie on an arbitrary 
line. 
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Special types of Lg. In the foregoing, we have tacitly assumed that the 
pencil of basal quadrics is of the most general type. It is clear that the 
classification of L.¢’s is the same as that of pencils of quadrics. The latter 
is well known, and we shall not give it here. 

We observe, however, that the first important specialization occurs when 
the pencil includes a plane-pair. In this case we may define the basal system 
by means of the plane-pair and any other member. Then the Lg is the 
totality of members of an J, with regard to which two fixed planes are conju- 
gate. 

Similarly we get other special types. In particular, the totality of conics 
that touch two fixed planes form a special Lg. 

TuHeorEeM. An Lg can be such as to include all the conics of one plane, but 
not of more than one plane. . 

For consider the Lg whose basal system is defined by two plane-pairs having 
a common plane; every conic in this plane belongs to the Zs. To prove the 
second part of the theorem, we note that an I. can be defined as the totality 
of conics common to two J;’s._ But there is one and only one J, that contains 
all the conics of two planes, namely the one whose basal quadric is this plane- 
pair. Hence there is no L, that includes all these conics. 

3. The L; is defined by three independent equations 


q 4 4 
(18) = ayjvyi = 0, z=. bi; vz = 0, > Ci Vii = 0. 
ij t, jul i,j 


i, j=l i,j= 


The basal system is a net or linear two-parameter system represented by 


4 
> (dai + whi; + vey) aza; = 0, 
1J= 


and the L; consists of all the conics apolar to every member of this system. 

The basal system cuts an arbitrary plane in a so-called “bundle” or linear 
two-parameter family of conics. The ~? conics of the Z; in this plane are 
all apolar to the conics of the bundle, and they comprise a linear family in 
tangential coérdinates. Reye (loc. cit.) calls such a family a “Schaarschaar.”’ 
The nature of these two systems is well known. The conics of a bundle have 
in general no common point, those of a “Schaarschaar” no common tangent. 
A special case consists of the conics that have three common points in the 
one case, or in the other have three common tangents.* 

Degenerate conics of the L;. Clearly the point-doubles are eight in number, 
being the points common to all the base-quadrics. Thus we have (cf. § 3) 
the 

TuHeoreM. The point-doubles of space correspond to points of a S; lying on. 


* For further treatment see Encyklopddie, III C 1, § 81. 
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There are also «! singular points, each of which may be associated with 
any point of a line to form a point-pair of the system. These singular points 
are the vertices of the cones of the basal system, and Reye (loc. cit.) shows 
that they lie on a sextic curve called the “ Kerncurve” of the bundle. This 
curve has been considerably studied by Reye, and also, as an adjunct to a 
net of quadrics, by Sturm.* 

Special types of L;. There are a large number of special cases, and as 
before we shall not classify them. In general the basal net contains no 
plane-pair nor plane-double. If it contains one or more of either, the Ls is 
correspondingly specialized. In particular, the conics that touch three fixed 
planes form a special L;. 

TuHEorEM. An L; can contain all the conics of a plane. In this case it 
contains no other conics, and the conics of the Ls in an arbitrary plane are the 
point-pairs on the line in which it intersects the plane of the L;. 

4. The I, is a system of conics determined by four independent linear 
equations 


4 
ay wi = 0, ps cj wi = 0, 
i,j=l 


(19) 
>» dj; wi = 0. 


t, j=1 


The basal system of quadrics is given by 


4 
Dd (Ar diz + Ae bi + As ei; + Ag dij) a2; = 0. 
t, j=l 


This system is called in German a Gebiisch. Its «* members have in general 
no common point. They include ©? cones, and in general ten plane-pairs.7 

The Gebiisch being completely defined by any four of its members that 
are linearly independent, we may define it by means of four of its ten plane- 
pairs. If four plane-pairs be chosen arbitrarily, there is a Gebiisch linearly 
dependent on them. Hence we may define the ZL, as follows: 

THeorEM. The general Ly has the property that there are ten pairs of planes, 
each a conjugate pair with regard to every conic of the Ly. Given four arbitrary 
pairs of planes, the totality of conics with regard to which each pair are conjugate 
constitute an Ls of general type; and there are six additional pairs of planes, each 
pair conjugate with regard to all the conics of the system. 

Degenerate conics. In general the LZ, has no point-doubles. It has «? 
point-pairs. To determine the order of the surface on which they lie, we 
recall ($3) that the point-pairs with one member on a given line are repre- 
~~ * See Encyklopddie, III C 2, p. 248, note 543. 

{ For proof see Reye, loc. cit., § 6. 
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sented in Sy by a S{. Hence in an arbitrary S; there are four points of this 
locus, and so in the general L, there are four point-pairs of which one member 
lies on an arbitrary line. Hence the points of the point-pairs lie on a quartic 
surface ®,. 

THeoremM. The surface ®, whose existence has just been established is the 
locus of vertices of the ~* cones of the basal system. 

We observe that the Z, has singular planes, in each of which there are «? 
conics instead of «!. Namely, in any plane of the basal plane-pairs the 
conics of the LZ, form a Schaarschaar of the type considered in 3. 

Of course there are numerous special types of Z;. In particular, the conics 
that touch four fixed planes form a special L,. Thus we have the following 
corollary to an earlier theorem: 

The conics that touch four fixed planes form a system Ly, and there exist six 
other pairs of planes each conjugate with regard to every conic of the Ly. 

5. The L3, or three parameter system, is defined by five independent 
equations: ; 

(20) Dd a wi; = 0 (k=1,-- 


i, j=1 


These equations define «* envelope-quadrics, each apolar to the * point- 


quadrics of the basal system 


(21) : (=a ais ) a; =0. 


k=1 


i, j=l 


There is complete duality between these two linear systems.* The former 
includes «* conics, which comprise the Z3, and the latter includes a dual 
system of «* cones. 

We know that the conditions that a quadric be a conic lying in a given plane 
(p) are the four linear equations 


4 i 
Zs Wii pi = O, > wW3i pi = O, 


i=l t=] 


4 1 
bo We; pi = O, bo Wi Pi = O. 


i=1 i=1 


(22) 


These, together with the five equations (20), form a system that has in general 
one and essentially only one solution; hence the L3 has one conic in an arbitrary 
plane. 

TuHeorEeM. The conics of the Lz that lie in planes through a fixed line generate 
a surface of order 8, having the fixed line as a sextuple line. 

Degenerate conics of the L3. We may state the 


° Cf. Reye, loc. cit., § 7. 
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THEOREM. The point-pairs of the L3 are «1 in number, and lie on a curve 
C1 of order ten. Their axes generate a ruled surface Kyo of order ten. Dually, 
the basal system includes «1 plane-pairs, which envelope a developable Ty of 
class ten; their lines of intersection lie on a ruled surface ®o of order ten. 

Reye (loc. cit., § 7) gives a number of very interesting relations among these 
four figures. 

6. The L2, or two-parameter linear system, is defined by a set of six inde- 
pendent equations. The totality of sets of solutions of such a system are 
linearly dependent on four, and define ~* envelope-quadrics, which include 
the conics of the Lz. 

Hence we have as alternative definition of the LZ. the equations 


(23) Wij = Ai Giz + Ae Di; + Az Ci; + Ag diz (i,j =1, coe, 4), 


(24) A(w)=0. 


The system of quadrics (23) is dual to the Gebiisch discussed in 4; and the 
basal system is dual to the system of envelope-quadrics there discussed. We 
have then at once the following facts: 

The conics of Lz lie in ~? planes, one in each plane in general, and these 
planes envelope a surface ®, of class four. 

The Lz includes in general ten point-pairs; their axes all lie on ®,. The 
basal system contains «* plane-pairs, whose planes envelope the surface ®,4. 
In other words, the planes of these plane-pairs are the planes that contain conics 
of the Lz. Since they can be associated into pairs that belong to the basal system, 
we have the 

TuHEeorREM. The planes of the conics of the Lz. can be associated in pairs in 
such a way that the members of each pair are mutually conjugate with regard to 
every conic of the L2. 

The general S3 in Sy meets in eight points the S; which represents the conics 
through an arbitrary point; hence the 

TuHeorEM. The [2 includes 8 conics through an arbitrary point of space. 

Special types of I2. As in the earlier cases, when the basal system con- 
tains any plane-doubles, the conics of [2 all touch every such plane; and in 
particular, the conics that touch six fixed planes form an L2 of very special 
type. The dual system (viz., the Gebiisch of quadrics through six fixed 
points) has been somewhat studied.* 

In general, the ZL, will have no singular plane containing more than one 
conic. There may, however, be such planes. There are four types, of which 
one reduces to a complete S;, and the others are incomplete L»’s with singular 
planes. Namely: 
~ *Cf. Encyklopddie, III C 2, § 141. 
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(1) One singular plane containing «! conics. 
(2) Two singular planes, each containing «! conics. 
(3) One singular plane containing ~? conics. 
(4) If all four conics are coplanar, every linear combination of them is a 
conic, and we have a complete three-parameter linear system of conics in the 
plane in question. 

7. The L,;, or one-parameter linear system, is most conveniently defined 
as a system linearly dependent on three sets of numbers: 


(25) Wii = v1 aij ot 2 bi; a A3 Cij 5 
(26) A(w) =0. 








THEeorEM. The planes of the conics of a general L, form a developable of 
class 6. 

For the conics whose planes pass through a given point are represented in 
Sy by a S$? ($3) and hence an arbitrary S, contains 6 of them. We find easily 
also the following results. 

TuHeorEM. The conics of the general L, lie on a surface of order eight. 

TueoreM. There are four conics of the L, that touch an arbitrary plane. 

Coro.tuary. The conics of the L, cut a given plane in points of a curve of 
order 8. They determine on this curve an involution of points, in which four 
pairs of points are self-corresponding. 

The basal system of the LZ; consists of a linear «® of point-quadrics. We 
know (2) that such a system includes eight plane-doubles. But every en- 
velope-quadric touches every plane that is a plane-double apolar to it; so that 
every conic of the LZ, touches these eight fixed planes. This leads to another 
definition of the Z. 

THEOREM. The general L, consists of the totality of conics that touch eight 
fixed planes, whereof seven may be chosen arbitrarily. 

In other words: Let seven planes be chosen arbitrarily in space. There 
are «' planes, generating a seatic developable, in each of which the seven lines 
cut by the fixed planes are all tangent to a conic. The conics thus determined 
lie on a surface of order eight, and all touch an eighth fixed plane. 

8. The Lo, or system of conics whose coérdinates satisfy eight linear equa- 
tions, may be defined by 


(27 Wiz = Ar dij + Az Di; A(w) = 0. 


We may state the result: 

The general Lo consists of four conics having common tangent planes that 
generate a quartic developable. A system of this kind is uniquely determined 
by any two quadrics; the planes of the four conics form the only tetrahedron that 
is self-conjugate with regard to all the quadrics of the series containing the Ly. 
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7. CoMPLETE LINEAR SYSTEMS 


We now propose to determine all possible types of complete linear systems. 
First we will note that such a system may be given parametrically in the form 


wis = al) + +++ + dz a7? (t,j =1, ---, 4), 
where A(w) = 0 for all values of (Ai, «++, Az). 
Consider, in particular, two conics (a) and (6) of a complete linear system. 
Then every quadric 
Wi = ai; + ubi; 
must be a conic of the system. We have then 
MA(a)+ AuO(a,b)+ di? wWO(a,b)+rAwO(b,a)4+ wtA(d) =0. 
We have already, since (a) and (6) are conics, 
A(a)=A(b)=0, 
and the following further relations are necessary: 
O6(a,b)=0, 0(b,a)=0, @(a,b)=0. 


From the results of § 5, it follows that we must have one of the following 
situations: 

(A) If neither (a) nor (6) is degenerate, then (1) they are coplanar; 
(2) each touches the plane of the other, and they cut the line of intersection of 
their planes in a harmonic set of poitits. 

(B) When (a) is a proper conic, and (b) is degenerate, then (1) if (6) 
is a point-pair, its axis meets (a), and the plane of (a) touches (b) ; (2) if 
(b) is a point-double, the plane of (a) touches it. 

(C) When both conics are degenerate, then (1) if both are point-pairs, their 
axes intersect; (2) if either is a point-double, the equation is satisfied. 

Considering these cases, we see that except in A2 and B1, the conics are 
coplanar. In case A2 they are necessarily tangent; and in case B1, either 
they are coplanar, or the point-pair (b) has one member lying on (a). 

We introduce now the following 

DEFINITION. A point-pair shall be said to be tangent to a proper conic, when 
one of its points lies on the conic. 

And we have the result: Every two conics of a complete linear system are 
either coplanar or tangent. Conversely, we see without difficulty that if two 
conics are coplanar or tangent, every quadric linearly dependent on them is a conic. 

Concerning the locus of these conics, we present without detailed proof 
the following statement: 

THeorEM. Jf (w)=2XA(a)+u(b) be a one-parameter complete linear 
system, ut is of one of the two types: 
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(1) the Sertes (Schaar) consisting of the conics in a plane that touch four 
fixed lines in the plane; 

(2) the one-parameter SHEAF, consisting of the conics cut from a quadric 
cone by the planes of a pencil whose axis is a tangent line to the cone. The axis 
of the pencil, which is evidently tangent to all the conics of the sheaf, we shall call 
the axis of the sheaf; and the point of contact we shall call the vertex of the sheaf. 

We may divide complete linear systems in general into two classes, according 
as all their members lie in the same plane or not. The planar systems we 
shall not discuss further than to remark that they are the systems studied 
in plane geometry as linear systems in tangential coérdinates. 

Let us consider a system in which not all the conics are coplanar. By brief 
reasoning, which we here suppress, one arrives at this result: 

THEeorEM. In any non-planar complete linear system, the members all 
touch a fixed line at a fixed point; and conversely, any number of conics tangent 
to a fixed line at a fixed point will determine a complete linear system. 

We have not considered degenerate conics. Evidently a point-pair can 
belong to a system of this type if and only if it has either (1) one member at 
the vertex, or (2) both members on the axis; and a point-double can belong 
to the system, if and only if it lies on the axis. 

Dertnition. <A non-planar linear complete system, of which the codrdinates 
of the members are linearly dependent on those of r +1 linearly independent 
conics, shall be called an r-parameter sheaf. 

We now examine the most general sheaf and find readily the 

THEOREM. The most general sheaf of conics consists of the totality of conics 
that touch a fixed axis at a fixed point. It is projectively equivalent to the system 
whose codrdinates are given by the matrix 


O «a 
0 a2 


ago a3 


a3 a4 


for all sets of values (ao, a1, 2,43, a4) not all zero. It follows that such a 
sheaf is a four-parameter system. 

DeFINITION. A four-parameter sheaf shall be called an entire sheaf. 

We note the following properties of the entire sheaf: 

An entire sheaf is determined by a point and a line through it, hence there 
are in all «©° of them. 

Any proper conic is a member of «! entire sheaves, one with its vertex at 
each point of the conic. 
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If two entire sheaves have in common a proper conic, their axes are coplanar, 
and they have in common a pencil of conics having double contact. 

A point-pair belongs to ~? entire sheaves, viz., to any one whose vertex is 
at either point of the pair, or whose axis is the axis of the pair. 

Every two entire sheaves have in common one point-pair, made up of the 
vertices of the sheaves. Two entire’sheaves have more than one common 
point-pair, if they have the same vertex, or if the vertex of one passes through 
the axis of the other. 

A point-double belongs to every entire sheaf whose axis passes through the 
point. 

Translating these results in S,, we will denote by A the singular domain 
S{° that represents point-pairs, and by ® the linear S, on = that represents an 
entire sheaf. 

Then > contains «°@’s. Through an ordinary point of = there are «!, 
of which any two intersect in a line. In general, two ®’s do not intersect 
at any ordinary point of 2, but at a single point of A. If they intersect at 
any ordinary point, they have a common line. 

Through an arbitrary point of A, there are in general ~?@’s, Through 
any point of the S3 that represents point-doubles there are »* ®’s, 

The point-pairs of the above entire sheaf are determined by either ap = 0, 
or a; = a2 = 0, corresponding respectively to point-pairs having one member 
at the vertex, and to those having both members on the axis. The former 
are represented in ® by a linear three-space Q, the latter by a plane R. 

The point-doubles are determined by a; = a2 = 0, ao a4 = a3, and are 
represented in @ by a Sj, i. e., a conic. 

The entire sheaf contains sheaves of one, two, and three parameters, which 
we denote by 7;, 72, 73 respectively, with reference to which we give here 
only summary statements. 

1. The one parameter sheaf 7 we have already considered. If (a) and (b) 
be any two conics of 7,, then a 7; is given by 


w; = ha; + pb; (i =0, «++, 4). 


This corresponds to a line in Sy. There are therefore ©° 7y’s in any 7%. 

_If (a) and (b) are not coplanar, the conics lie on a cone that touches 
the axis at the vertex of 7’. In this case the sheaf contains just one degenerate 
conic. There are, however, special cases not described here. 

2. The 72 is defined by the equations 
wi = A, a; + 2d; + Ase; (¢ =0, 1, 2, 3, 4), 
where (a), (b), and (c) are linearly independent members of a 7,. It is 
represented in Sy by a plane (7). 


“es 


[rans. Am. Math. Soc. 25 
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The plane (7) cuts Q in a line k and R ina point K, and can be described 
by lines drawn from K to the points of k. Each of these lines represents a 
planar 7, as may easily be seen. Hence the 72 may be regarded as composed 
of «1 planar 7;’s. Moreover, the common tangents to the members of each 
planar 7, meet the axis at the same points R,, R2, since each of the lines 
cuts R at the same point. We have then the following definition of the 72: 

THeorEeM. The totality of conics of a T, that touch two fixed planes, whose 
intersection does not meet the axis of the T,, constitute a T'2 of the most general type. 

Special types of 72 correspond to special relations of (a) to the space 
containing the line k and the plane containing the point K. For example, 
it may happen that K liesonk. In this case a 72 of the type wnder consideration 
consists of all the conics of a T's that have contact of the second order with one another 
at the vertex, and also touch a fixed plane not through the vertex. 

Two other special types are evidently those in which either & or K is inde- 
terminate. The latter is a planar 7., and we find the 

TueoreM. The general planar T2 consists of all the conics of a T, that lie 
in a plane and touch any two lines so drawn from two fixed points on the axis of 
the 7’, as to intersect on a fixed line in the plane. It follows that the common 
tangents to any two conics of the system intersect on this fixed line. 

3. The three-parameter system 7’; can be treated in the same way. A T3 
is represented in S, by a space S;; and in general this cuts Q in a plane NV, and 
Rinaline n. To the former correspond ? point-pairs of the 73, consisting 
of the vertex P, taken with the ~? points of a plane (a). To the latter cor- 
respond o! point-pairs on the axis of the 7’. 

The S; may be regarded as swept out by a pencil of planes through the 
line n. Each of these planes corresponds to a planar 72 of the kind just 
studied. We have seen that such a system has the property that the common 
tangents to any two of its members meet on a fixed line 7. In our pencil of 
T2’s, these fixed lines all lie in the plane (¢). Also the vertex of the cone 
of any 7, in the 7; lies on (0). We may then define the 7; as follows: 

Let a plane (a) and a point-pair (R,, R2) on the axis be chosen arbitrarily. 
The totality of conics of the T',, which touch a pair of lines drawn from R, and Rp 
to any point of the plane (a), generatea T;. The common tangents to any two 
coplanar members of the T'3 meet on (a), and the vertex of the cone through any 
two other members lies on (a). 

We mention two special types. There is one special 73, namely, ap = 0, 
consisting of all the point-pairs whereof the vertex is one member. Another 
type is represented by a S; through the plane containing the point K. It is 
obvious that such a S; represents a planar 73. 


CAMBRIDGE, Mass., 
June, 1913. 














THE WEIERSTRASS E-FUNCTION FOR PROBLEMS OF THE 
CALCULUS OF VARIATIONS IN SPACE* 


BY 


GILBERT AMES BLISS 


For the problem of minimizing the definite integral 


F(x, ¥,2,),9; r)dt, 
dx dy dz 
@) P-a? 1a a 
where the function F has the homogeneity property 
(2) F(x,y,2,kp,kq,kr) =kF(x,y,2,p,q,7) (k>0), 
the Weierstrass E-function 
E(2,y,2%3P.9.73 P75) 
has the form 
E=F(ax,y,z,p',q7,1) — p'Fp(t,y,2,7,957) 
- q F,(2, ¥,2;,;P; 9; r) 
—r F,(2,y,2,),9,17)- 
Behaghel{ has deduced a very useful expression for the E-function in terms 
of the quadratic form 
Q(x,y,23 p97; &,0,6) 
= Fyp 2? + Fag? + Fre 8? + For nf + 2F rp SE + WF pq En. 
In his proof he makes use of functions, in his notation A, B, C, which are 
analogous to one which is used for a similar problem in the plane. For the 
space problem, unfortunately, these functions may become infinite even for 
very simple integrals of the type (1), and in such cases his proof of the formula 


would not be valid.{ 


* Presented to the Society, December 26, 1913. 
{Mathematische Annalen, vol. 73 (1913), p. 596. 
t For the function 


(3) 





sm P=+ et (qtr) 
the expression for A is 


A= —Fo/@ = (1-2) /[- e+ (a+r PP, 


and this is infinite for any direction in the y-plane or z-plane not perpendicular to the z-axis. 
369 
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In the following sections it is proposed to give a proof of a formula some- 
what more elegant than that of Behaghel and which can be reduced to his 
by a simple transformation. The objections mentioned above are avoided, 
and the special case when the directions (p,q,r) and (p’,q’,7r’) are in 
the same line but opposite, treated separately in Behaghel’s paper, is here 
quite unexceptional.* The method used applies at once to problems in space 
of any number of dimensions. In § 2 some useful consequences of the formula 
are deduced, and in § 3 some peculiarities of the extension of the results found 
to spaces of higher dimensions are explained. 


1. Toe ForMULA FOR THE E-FUNCTION 


It will be supposed that for a fixed set of values (x, y,2,p,q,17) the 
function F has continuous first and second derivatives for arguments 
(p’, 4’, r’) defining directions in a cone shaped region P,, shown in Fig. 1 


pp 








Fic. 1. 


about an initial direction p,q,r. This and other directions will be referred 
to hereafter by their first letters only, as illustrated in the figure. Analytic- 
ally the region is defined by an inequality of the form 


(4) lw|<e 


* A formula given by Mason and Bliss, thesee Transactions, vol. 9 (1908), p. 459, 
is less effective than the one proved in the text for a similar reason. It does not necessarily 
hold when the two directions x’, y’, 2’ and ru, yu, Zu are opposite. 
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where w is the angle between p and p’ defined by the formula 


pp’ + qq +1’ 
ne So = eee 
Pp + ¢ + Pvp + q’ 4. Yr” 
In as much as the properties of the E-function to be considered in this 


section do not depend upon the arguments 2, y, 2, the latter may be omitted 
in most of the equations. It is understood that for the direction p the quan- 


(O=w=r). 


tities p, q, r are not all zero, and a similar remark applies for other directions. 
The function F satisfies the relation 


(5) pF, + qF, + rF, = F, 
found by differentiating (2) for k and putting / = 1, and also the relations 
PF pp + QF oq + TF pr = 0, 
(6) PF gp + QF aq + Fg = 0, 
pF yp + qF 4 + rF = 0, 
which follow by differentiating (5) for p,q, r, respectively. Furthermore the 
first derivatives of F are positively homogeneous with order zero. For by 
differentiating (2) with respect to p, for example, it is found that 


F,(2,y,2,kp,kq, kr) = Fp(2,y,2,9,9,17) (k>0). 


From these results it follows readily that the E-function itself has the homo- 

geneity property 

E(2z,y,2; kp,kq,kr; k'p', k’ qd’, kh’ r’) =k E(2z,y,237,9,03 7',¢7 57) 
(k>0, & >}, 


and the direction ratios which occur among its arguments may be taken 
without loss of generality to be direction cosines. 
It will be helpful to use the notation 


®(p, &, &) = 8 (Pop & + Fogn + For £) 
+ 9! (Fon & + Fogn + For f) 
+ 0’ (Pry E+ Fig n + Fr £). 


The form @ has the following properties to be used later, the first of which 
gives an expression for the quadratic form Q in terms of ®: 


(7) Q(x,y,23 p,9g,7; &,0, 5) = B(p, &, &), 
(8) ®(p, &, &’) = @(p, &’,&), 
(9) @(p, &, ud’ + ve’) = ub(p, &, &) + oB(p, &, €”), 


(10) @(p,f,p) =0, 





372 G. A. BLISS: THE E-FUNCTION [October 


where in the third formula ué’ + vé” is a symbol for the values 
ut’ + ve”, un’ + on”, ut’ + oe”. 


The first three of these formulas follow readily from the definition of ®, 
while the last is a consequence of the homogeneity properties (6). 


Fic. 2. 


Consider now the two directions p and p’ indicated in Fig. 2. There will 
always be a direction 7 which is orthogonal to p and co-planar with p and p’. 
Let a and a@ be two directions orthogonal to each other in the same plane 
with p, p’, and z. Their direction cosines are expressible in the form 


a=pcost+7sint, a= —psintr+7cosr, 
(11) b=qceost+xsinrt, 6B = —qsinrt+x«cosr, 
c=rcost+psint, y= —rsinrtr+pcosr, 


where 7 is the angle between a and p. By changing the sense of the direc- 
tion 7, if necessary, it can be effected that for 7 = w the direction a coincides 
with p’. 

The £-function has then the expressions 


okt. 
E(p, 9) = [5 (oF (a) +4 Fy(a) +’ F(a) de 


= [ &(a, a, p')dr, 
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which follow readily from (5), (11), and the definition of @. From the 


relations 
acos(w—7T)+asin(w-—r), 


’=bcos(w—7)+fsin(w—T), 


r’ =ccos(w—7T)+ysin(w-7T), 


2 S 
I oll 


and the formulas (9) and (10) it is seen that 
E(p, p') = { sin(w — 7)®(a,a,a)dr, 


or, by applying the mean value theorem for a definite integral, 
(12) E(p, p’) = (1 — cos w) ®(a*, a*, a*), 
where a* is the direction a corresponding to a suitably chosen value 7r* between 
0 and w, and a* is the corresponding direction perpendicular to a*. 

Hence the function 

E(2t,y,% p.9.73 D'.d 57) 

is expressible in the form 
(13) E =(1—cosw)Q(2,y,2; a,6,¢; a, 8,7). 
In this formula w is the angle (0 = w=) between the directions (p,q, 1) 
and (p’,q',1r’), while (a,b,c) and (a, B,¥) are directions orthogonal to 
each other in the plane of the other two and defined by the formulas (11) for a 
suitably chosen intermediate value of + satisfying the inequality 0 <7r<w. 
The relations between these directions is clearly shown in Fig. 2. 

It is easy to derive Behaghel’s formula from this result. The relations (11) 
give 
p=acost—asint, q =becosr — Bsinr, r=ccost—ysint, 
and with the help of (9), (10), and (8) it follows that 

@(a,p,p) =sin?r ®(a,a,a). 


Hence the expression (12) can be put into the form 








, P (a*, ‘ ) 
E(p, p’) =(1 — cos wo) Fs P) 
= s ’ ; * i. ot , ’ 
«(it~ eng) eee on ©°s Psd 2 


sin? 7* 
which is the formula required. 
2. CONSEQUENCES OF THE FORMULA 


Consider an are C defined by the continuous functions 


(C) wt=a2(t), y=yl(t), 2z=2(t) (t; StSt) 
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and having a continuously turning tangent whose direction cosines will be 
represented by p(t), q(t), r(t). The neighborhood C, of order zero of 
this arc is the totality of values (z,y,2z,p,q,7r) for each of which the 
inequalities 


jn—2(t)|<e, |ly—y(t)|<e, |z—2(t)|<e, 


(C,) 
(p,49,7) + (0,0,0) 


are true for at least one value of t between ¢; and #2. The neighborhood C~ 
of order one is similarly defined by the conditions 


la—a(t)|<e, ly—y(t)|<e, lz —2(t)|<e, 


(C.) - 

(p,q,7r)+#(0,0,0), |0\<e, 
where @ is the angle (0 = 6 = 7) between the directions p and p(t). Be- 
sides the region P, of § 1 and the two neighborhoods just defined, there is a 
fourth region involved in the following theorems and defined by the conditions 


(R) (a,y,2) ina continuum of xyz-points; (p,9g,7r)#(0,0,0). 


For each of the theorems the function F is supposed to be continuous and to 
have continuous first and second derivatives with respect to p, q, r in some 
region including the one involved in the statement of the theorem. 

If for a fixed set of values (x,y,z, p,q,1) the condition 


(14) E(2,y,23 79,73 p',q7,7) =90 


is satisfied for all directions (p’,q',r’) in a neighborhood P, of the direction 
(p,4q,1), then the condition 


(15) Q(z, 9,3: pp, ¢,7: €.9,5) ZO 


is also satisfied for any values whatsoever of £,n,¢. In other words the necessary 
condition of Weierstrass, for either a strong or a weak minimum, at any point of a 
given curve, implies the necessity of Legendre’s condition also. 

If in the formula (13) the direction p’ approaches the direction p while 
remaining in a fixed plane through the latter, the directions a and @ approach, 
respectively, p and a direction 7 normal to p in the plane. Hence the in- 
equality (15) must be true when the direction £ coincides with t. But p’ 
may be made to approach p in any plane through p, and consequently 7 may 
be any normal to p. If é lies in a plane with p and z and makes an angle 
7 with p, the formulas 


£=pceosr+msintr, n=qeost+xsintr, £=rcost+psint, 
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together with (9) and (10) show that 
Q(x,y,23 p.9d,7; &,0, 6) =sim’r Q(x, y, 2; p,9,73 7, kK, p)- 


Hence the inequality (15) is true for all values of £, 7, ¢. 

The form Q in the expression (13) is said to be regular in a region of 
values (2, y,2; p,q,1) if it does not take opposite signs for different values 
of its arguments and vanishes only when £, 7, ¢ are all zero, or when the 
directions (£, 7, ¢) and (p,q, 7) are in the same line. 

If the function Q is regular at all values (x%,y,2z,p,q,7) on an are C, 
then there exists a neighborhood Cs in which it remains regular and does not take 
opposite signs. 

For Q can always be transformed by a homogeneous orthogonal linear 
transformation of £, 7, ¢* into a sum of squares whose coefficients 1, Az, As 
are the roots of the equation 


Ppp +X Pyq Pp 
(16) Fw Fas + r Fy = 0 ° 
Fee F rq F,, + r 


The term independent of \ in this equation is zero since it is the determinant 
of the coefficients of p, q, r in the equations (6). Hence one of the roots, 
say \3, is always zero; and the other two are different from zero and of the 
same sign for any set of values (4, y,2,p,q,17) corresponding to a point 
of the are C, since for such values Q is regular and can vanish for one direction 
£,7, ¢ only. Since the roots \; and d2 are continuous functions of the argu- 
ments 2, y,2,p,q,7, they will remain different from zero and will not change 
sign in a sufficiently small neighborhood C3. 
Suppose that Q is regular along the are C and that the inequality 


E[x(t), y(t), z(t); p(t), q(t), r(t); p’,7,r] >0 


is satisfied at every point of C whenever the direction (p’, q', r’) is distinct from 
that of C. Then there exists a neighborhood C, such that in the region of values 
(r,y,2; p,qg,7; p’,q',1’) defined by the relations 


(t,y,2,p,q,r) n(, (p’,q', 7’) =(0,0,0) 


the function E does not take opposite signs and vanishes only when the directions 
(p,q,r) ande(p’,q’, r’) coineide. 
To prove this consider the function EF, defined by the equations 
E\(@,y,23 Ps9,%; 7,k,p;w) = E/(1 — cosw) (0<wSn), 
(17) 
Ei(x,y,23 p,q,r; w,k, p30) =Q(2,y,23 p,g,7; 7, kK, Pp), 


* See Kowalewski, Einfuhrung in die Determinantentheorie, § 116. 
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the first of which is formed by replacing the values (p’, q’, r’) in E by ex- 
pressions similar to (11) with r = w. From its definition EF, is continuous for 
all values of its arguments for which the point (2, ¥, 2) is sufficiently near to 
C,and 0 < w S z’,* while the other arguments are the direction cosines of 
two perpendicular directions. It is continuous also for w = 0, since the for- 
mula (13) shows that as w approaches zero the values of the quotient in the 
first part of the definition of E, approach continuously the values defined by 
the second of equations (17). Along the are C the quotient £; is different 
from zero for directions 7 normal to p(t), and for 0 S w S 7’, on account of 
the hypothesis of the theorem and the expressions (17). Since it is continuous 
it retains these properties when the values (2, y,2,p,q,7) are in a neigh- 
borhood C. of the are C. The function EF has therefore the properties de- 
scribed in the theorem, since E is expressible as a non-vanishing factor times 
E, whenever p and p’ are distinct. 

Consider a problem which is regular in a region R of the kind described in the 
first paragraph of this section, that is, a problem such that the form Q is everywhere 
regular in R. Then the function E(x,y,2; p,q,7; p',q', 1’) does not take 
opposite signs when (x,y,2z,p,q,7r) and (a,y,2, p’,q’, r’) arein R, 
and vanishes only when the directions (p,q,r) and (p’,q’,r’) are coincident. 

At every point of the region R the quadratic form Q is regular, and hence 
the expression (13) for the E-function vanishes only when p and p’ coincide. 
Further any two sets of values (x,y, 2; p,q,7; p’,q', 7’) can be joined 
by a continuous path over which p and p’ are nowhere coincident. Hence 
the sign of the E-function is always the same at points where it does not vanish. 

The regularity or non-regularity of the quadratic form Q is controlled by 
the behavior of a function F, defined by the equations 


pF, = Faq Fr — Fis qrPy = Fyq Fr — Fop Fer, 
Q Fy = Fr Fyop — Fro, rpPy = Far Fap — Faq Fro; 
oP, = Fy, Feq— Foe, paki = Fry Fee — Fer Froe- 


The existence and continuity of this function are consequences of the relations 
(6). The coefficient of the first power of \ in the equation (16) is precisely 
F,, and consequently \,; and dz will be different from zero and have the same 
sign if and only if F, is positive. 

A necessary and sufficient condition that the quadratic form Q be regular at a 
set of values (x, y,2,p),9,71) 


F,(z,y,2,p,q,7r) >0. 


* The symbol x’ stands for 7 radians. 
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3. EXTENSION OF THE PRECEDING RESULTS TO HIGHER SPACES 


The formula (13) which was the goal of the discussion of § 1 has an analogue 
for an integral of the form 


SF(y, p)dt, 
where y and p are symbols for sets of elements of the form 
Y = (Yrs Yo, ***s Yn); 
dy, dys dyn 
p= (Dis Bessa) = (Gs Gee os Gt): 


The function F is supposed to have a homogeneity property with respect to 
the arguments p similar to (2), and relations analogous to (5) and (6) are 
readily derived. 

The E-function and the quadratic form Q have the forms 


E(y,p,p') =F(y,p') — Up, 
i=1 
Q(y,p,&) = 2X Fi(y, p) &: & 
t,j= 
where F; and F;; are symbols for the derivatives 0F/dp; and 0? F/dp; p;, 
respectively. The E-function has the homogeneity property 
E(y, xp, «' p’')=«' E(y, p, p’) (x>0,«'>0), 


and as before there will be no loss of generality if all the directions p are sup- 
posed to be normed, that is, to satisfy the relation 


Pitpr+--- +p, =1. 


The condition for the orthogonality of two directions, p and 7, in n-dimen- 
sional space is 


Pi 71 + Po 72 + siealing + Pn 7, = 0. 


The auxiliary form © has the definition 
®(p, 8,8) = De Fi(y, pki 
‘, j= 


and satisfies four relations analogous to (7)—(10) of § 1. 

There will always be at least n — 2 independent directions q’, q’’, --- , gq" 
orthogonal to both p and p’, which with p itself form a system of n — 1 
independent directions; and the last system of n — 1 directions determines a 
unique direction 7 orthogonal to each of them. The directions 7 and p are 
independent, and orthogonal to each of the directions q’, q’’, -:-,q"~. 
Since every other direction having this property must be expressible linearly 
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in terms of p and 7, it follows that p’ must have the form 
Pi =picosw+arsinw (i=1,2,-++,n;0Se=”). 


In order to satisfy the last restriction in the parenthesis it may be necessary 
to change the sign of the direction 7. 
If the directions a and a@ are defined by the equations 


a; = pjeos 7 + mm sinT, a= —pisinr+mcos- (i=1,2,-+-,n), 


t 


the argument proceeds exactly as in $1, and the formula found for the E- 
function is 
E(y,p, p’) =(1 — cosw)Q(y,a, a), 


where a and a@ are defined by the equations just given for a suitably chosen 
intermediate value of 7 between 0 and w. 

All of the results of § 2 except the last can be proved for n dimensions in a 
manner analogous to that which is effective for three dimensions. The 
analogue of F, is a function defined by relations of the form 


Pi Pe Fi = Ax (¢,k=1, 2, ---,m), 


where Ax is the cofactor of Fy in the matrix of these derivatives. In the 
equation corresponding to (16) for n dimensions the term independent of d 
vanishes as before, and F; is the coefficient of the first power of X. Hence if 


Q is regular at a set of values (y, p) it will remain so in any neighborhood of 
those values in which F, is different from zero. But more than the require- 
ment that F; shall have a certain sign is needed in order to insure the regularity 
of Q. 


Tue UNIVERSITY OF CHICAGO. 

















THE SUBGROUPS OF THE QUATERNARY ABELIAN LINEAR 
GROUP* 
HOWARD H. MITCHELL 


1. INTRODUCTION 


With the possible exception of the binary modular groups there is no finite 
linear group which is of more importance in analysis and geometry than 
what is known as the abeliant linear group. In the investigations of Hermite 
and Jordan the coefficients were taken as rational integers reduced modulo p 
(a prime), in which case it is the Galois group of the equation for the p-section 
of the periods of hyperelliptic functions.{ It is also the group of isomorphisms 
of a certain type of commutative group and is isomorphic with certain systems 
of collineation groups.§ 

For the case of four variables and the modulus 3, it is the group of the 
equation for the 27 straight lines on a general cubic surface|| as well as the 
group for the problem of reducing a binary sextic to the canonical form 7?—U*. 
One of the collineation groups with which it is isomorphic in this case is the 
quaternary G2;929, which has received considerable attention. 

If the coefficients of the transformations, instead of being integers reduced 
modulo p, are taken as marks of a general Galois field GF (p") , a more general 
group is obtained which has been investigated by Dickson.{ This group 
requires an even number of variables and has a certain invariant bilinear 
function analogous to that for the ordinary continuous group in space which 

* Presented to the Society at New York, April 25, 1914. 

+ This group is called abelian on account of its connection with abelian functions. It is 
not commutative. « 

t Cf. Jordan, Traité des substitutions, pp. 171-186; 354-369; Witting, Mathematische 
Annalen, vol. 29 (1886), p. 157; Dissertation (Géttingen, 1887); Burkhardt, Mathe- 
matische Annalen, vol. 38 (1891), p. 163. 

§ Cf. Jordan, loc. cit., pp. 420-450; Witting, loc. cit.; Burkhardt, loc. cit.; Dickson, these 
Transactions, vol. 1 (1900), pp. 30-38; the author, Bulletin of the Ameri- 
can Mathematical Society, vol. 20 (1913), pp. 134-138. 

\| Cf. Jordan, loc. cit., pp. 316-319; Dickson, Linear Groups, pp. 303-307; Coble, Johns 
Hopkins University Circular (1908) no. 7, pp. 80-88. 

{Quarterly Journal of Mathematics, vol. 29 (1897), pp. 169-178, vol, 
31 (1899), pp. 383-4; Linear Groups, pp. 89-109. 
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has an invariant linear complex. It is called general or special according as 
this function is left relatively (to within a factor in the field) or absolutely 
invariant. The first has an invariant subgroup of order p" — 1 consisting of 
all the transformations which multiply each variable by the same mark of 
the field, and the second has for p > 2 an invariant subgroup of order 2 which 
contains a transformation changing the sign of each variable. The quotient 
group of the second with respect to its invariant subgroup of order 2, Dickson 
has denoted by the symbol, A(2m, p"), 2m representing the number of 
variables. For p = 2 the special group is itself represented by this symbol. 
These groups are simple except for m = 1, p” = 2,3 and m = 2, p® = 2. 

The object of this paper is the determination of the maximal subgroups of 
the A(2m, p") for m =2 and p> 2, although incidentally some other 
subgroups are noticed. For this purpose we consider the collineation group 
in a modular space* having an invariant linear complex. The group of all 
such collineations is (1, 1) isomorphic with the quotient group of the general 
linear group with respect to its invariant subgroup of order p* — 1. For 
p > 2 it contains an invariant subgroup of index 2, each transformation in 
which multiplies the linear function of the pliicker line codrdinates by a square 
in the field. This multiplier may be made unity by multiplying each coef- 
ficient of the collineation by the same properly chosen factor. This group is 
thus (1,1) isomorphic with the quotient group of the special linear group 
with respect to its invariant subgroup of order 2, i. e. with Dickson’s A (4, p”). 
We shall depart slightly from Dickson’s notation and shall represent the 
whole collineation group by A,(p”) and its invariant subgroup by A, (p"). 

Although considerable work -has been done on the determination of the 
subgroups, the problem seems to have been completely solved only for n = 1, 
p =3.{ For the general case Dickson has found a complete list of conjugate 
operators,t and has discussed a number of the subgroups.§ He has also 
shown that for n = 1, p > 3 there is no subgroup of index less than 


P+p+pti.| 


The author has obtained a complete set of maximal subgroups in the general 
case. The possible subgroups whose orders are prime to the modulus p were 


* Cf. Veblen and Bussey, these Transactions, vol. 7 (1906), pp. 241-259. 

+ Dickson, these Transactions, vol. 5 (1904), pp. 126-166. Jordan had previ- 
ously shown that there was no subgroup of index less than 27 (loc. cit., pp. 319-329). 

tThese Transactions, vol. 2 (1901), pp. 103-138. 

§ These Transactions, vol. 1 (1900), pp. 91-96; vol. 4 (1903), pp. 371-386; vol. 5 
(1904), pp. 1-88; Quarterly Journal of Mathematics, vol. 32 (1900), pp. 
42-63; Bulletin of the American Mathematical Society, vol. 10 
(1903), pp. 178-184. 

|| These Transactions, vol. 6 (1905), pp. 48-57. Cf. also Jordan, loc. cit., p. 666, 
note E. 
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determined in a previous paper.* They were found to be the same as the 
ordinary finite groups which have an invariant linear complex. 

With the exception of a few groups which exist only for particular moduli 
the subgroups whose orders are divisible by p are found to be of two general 
types. Those of the first type are the A, (p*), if k is a factor of n, and the 
A, (p*), if 2k is a factor of n. Those of the second type are analogous to the 
ordinary continuous groups which have an invariant linear complex. They 
have an invariant point and plane, a congruence (three types), a quadric 
(two types), or a twisted cubic. 

As a check on our list of maximal subgroups we find that they agree with 
Dickson’s{ for the special case n = 1, p = 3. For this case he found them 
to be of indices 27, 36, 40, 40, 45. We also find that for p” > 3 there is 
no subgroup of index less than p*™” + p”™ + p" + 1, a result due to himt for 
n=1., 

2. GENERAL PROPERTIES OF THE GROUP 


There are three types of transformations of period p in A;(p") if p> 3 
and two types if p = 3. The first, which we shall refer to as central elations, 
leave fixed all the points in a plane and all the planes and lines through a 
point in that plane. All the lines in the plane of fixed points which pass 
through the point of fixed planes belong to the invariant complex. 

The transformations of the second type leave invariant all the points on a 
line and every line of a flat pencil through each point of the axis. We shall 
refer to them as skew elations. The axis belongs to the complex as do also 
two of the above mentioned pencils. The coédrdinates of these pencils need 
not be in the GF (p") however. 

The transformations of the third type have a single invariant point, an 
invariant line through that point and an invariant plane through that line. 
All the lines in the fixed plane which pass through the fixed point belong to 
the complex. The path curves are conics in the fixed plane and twisted 
cubics outside of that plane. If p = 3 these transformations are of period 9. 

There are two types of transformations of period 2 in A,;(p").§ Both 
of them leave invariant all the points on each of two skew lines, but in the 
one case these lines are lines of the complex and in the other they are axes of a 
congruence contained by the complex. In the former case the coérdinates of 
these lines are or are not in the GF (p") according as p” has the form 4/ + 1 
or 41— 1. In the latter case their codrdinates are always in the GF (p"). 


*These Transactions, vol. 14 (1913), pp. 123-142. This paper will be referred 
to as Transactions I. 

7 Loe. cit. 

t Loe. cit. 

§ For a more general result see Dickson, Linear Groups, §289; Annals of Mathe- 
matics, ser. 2, vol. 6 (1905), p. 148. 
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3. Groups CONTAINING CENTRAL ELATIONS 

We proceed now to prove 

THEOREM 1. The only subgroups of Ai(p") which contain central elations 
are: 

(1) groups having an invariant point and plane with codrdinates in the GF (p"); 

(2) groups having an invariant line of the complex with codrdinates in the 
GF (p"); 

(3) groups having an invariant congruence hyperbolic with respect to the 
GF ( p" ) ; 

(4) groups of the same type and order as A; (p*), where k is a factor of n; 

(5) groups of the same type and order as A,(p*), where 2k is a factor of n. 

We consider a particular subgroup of A, (p”") and suppose that the largest 
subgroup it contains which consists of central elations with common center 
and axial plane is of order p*. We denote such a group by (£,). If all 
the other centers of elations are in the axial plane of (£,), either that plane 
or a line in that plane through the center of (£,) must remain invariant. If 
this is not the case we may suppose the existence of a second group of elations 
( £,) with center not in the axial plane of (F,). 

These two additive groups leave invariant in common the line joining their 
centers and the line of intersection of their axial planes. The group generated 
cannot by hypothesis contain an additive group of elations of higher order 
than p*. Hence its order on the line joining the centers must be 

5 ( p* +1) p*(p* —1) 
or 60(p* = 3).* The group itself is of twice this order, since it contains an 
invariant reflection whose axes are axes of the invariant congruence. We 
shall first assume either that p* > 3 or that if p* = 3 no group of order 2-60 
of this type is present. The exceptional case will be considered later. 

In the general case, if the invariant complex be pis + po3 = 0, every group 
of the sort described may be shown to be conjugate under A, (p") with that 
generated by 

(E,):[a1, ve + daz, 23, 24], (E2):[a1, 2, AX2 + 23, 2%], 
where \ takes all values in the GF (p*). 

Either the invariant congruence of this group must remain fixed or else 
there will be elations with centers not on either of the two axes. We denote 
one such group of elations by (£3). The line through its center which is 
in the congruence is a line of the complex and hence must be in the axial 
plane of (£3). 


* The binary modular groups for the general Galois field were first determined by E. H, 
Moore and Wiman. For a new determination of these groups and for references to the earlier 
work the reader may consult a paper by the author in these Transactions, vol. 12 
(1911), pp. 207-211. 
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The center of (£3) must be in one of the p* + 1 planes conjugate with 
the axial planes of (E£,) and (2) under the group generated by them. 
For the group (£3) cannot be commutative with both (£,) and (£:) and 
hence we may suppose that it is not commutative with (E.). Hence (£2) 
and (£3) must generate a group of the same sort as the above and tbis will 
contain an invariant reflection. This reflection and the one commutative 
with (£,) and (E,) must generate a dihedral group of order 2p under which 
the reflections are conjugate. If the center of (£3) does not lie in one of the 
p* +1 planes mentioned above, its center will be conjugate under this group 
with a point on the line joining the centers of (£,) and (£2), which is 
distinct from any of the p* + 1 centers on that line. But this is impossible. 
Hence the center of (£3) must be in one of the p* + 1 planes and we may 
suppose that it is in the axial plane of (£,). 

Since the group generated by (£,) and (£2) is invariant under all trans- 
formations of the form 


[aay + Bag, 2, 2X3, yar + baa], 


where a, 8, y, 6 are any marks of the GF (p") such that ai — By = 1, it 
follows that we may choose the center of (£3) as (1100). In order that 
(E,) and (£3) shall generate a group of order (p* +1) p*(p* — 1) the 
latter must be given by 


[ar +A(a3 +24), 2 +A(X3 +24), Xs, 24]. 


We then find that the group of the points in the invariant plane, z, = 0, 
is of order (p* +1)p*(p* —1)-p*. There is in addition a group of 
elations of order p* leaving fixed all the points in xz, = 0. For in the group 
generated by (£,) and (£3) are contained all the transformations 


[a1 +A(as +24), 2 — A(H3 — %4), Xs, 2]. 


The group conjugate with (£3) under the reflection commutative with (E;) 
and (£,) is 
[a1 — A(2%3 — %), 2 +A(Hs — 2), Xs, Xe]. 


As products of these we obtain a group of elations of order p* having (1 0 0 0) 
and x, = 0 for center and axial plane. Hence the group generated by (F:), 
(E,), and (£3) is of order p* (p* — 1). 

If now (1000) and 2, = 0 do not remain invariant there must be a 
group of elations (£,) with center not in z, = 0. Its center must lie in at 
least one of each set of p* +1 planes similar to those considered above. 
Hence it must lie in one of the lines through (1000) in which p* + 1 of 
these planes meet. There are p* of these lines and they are all conjugate 
under the group generated by (E,), (£2), and (£3). Hence we may take 


Trans. Amer. Math. Soc. 26 
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a center on x, = 0, 23; = 0, and since that group is invariant under any 
elation with center (1000) and axial plane 2, = 0, we may suppose it to 
be (0001). The group (£,;) must then be given by 


[a1, %2, %3, Aty + 24]. 


Under the group now generated there are p* + p** + p* +1 conjugate 
groups of elations, their centers being the points with coérdinates in the 
GF (p*). The subgroup which leaves (1000) and a, = 0 invariant must 
be of order at least 1/2(p* — 1) - p(p** —1). For the group generated 
by (£,;) and the additive group having (1000) and a, = 0 for center and 
axial plane must contain the transformation [€21, x2, 23, €~! a4], where e is 
a primitive root in the GF(p*). In a, = 0 this is an homology of period 
p* — 1, whereas in the group generated by (£1), (£2), and (£3) there 
are no homologies in that plane of higher period than 2. 

The order of the whole group generated must then be at least 


2 (p* — 1)p*(p* — 1). 


But this is exactly the order of A, (p*) and all four groups of elations are 
contained by that group. 

If A, (p*) is a subgroup of A;(p"), & must be a factor of n, and if A, (p*) 
is a subgroup of A, (p"), 24 must be a factor of n. The groups of either of 
these types form a single conjugate set under A,(p"). If n/k is odd the 
groups of the type of A, (p*) also form a single conjugate set under A;(p"). 
If n/k is even, the groups of the type of A, (p*) or A,(p*) each form two 
conjugate sets under A;(p"). 

The subgroup of all transformations in A,(p") which leave invariant a 
point and a plane through it whose coédrdinates are in the GF (p") is of order 
1/2 p™(p"™ —1)(p" —1). The subgroup of all such transformations 
which leave invariant a line of the complex with coérdinates in the GF (p") 
is of the same order. The subgroup of all such transformations which leave 
invariant a congruence which is hyperbolic with respect to the GF (p") is of 
order p*"(p*" — 1)?. The groups of each of these three types form a single 
conjugate set under A; (p"). 

We still have to consider the case where p* = 3 and the group generated 
by two elations is of order 2-60. Such a group is generated by 


(E,) : [a1, te + 23, %3, %]; (E2):[a1, ro, ite + 23, 24], 


where 7? = — 1. It may be proved just as in the general case that the centers 
of all elations which can exist must be in one of the axial planes of this group. 
We consider therefore a third elation, whose center and axial plane we may 
take to be (1100) anda; +2, =0. It must generate with (£2) a group 
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of order 2-12 or 2-60. The reflection invariant under this group is 
(R):[— 41 + 2x2, a2, 23 + 2a, — x]. 
The group generated by (£,) and (£2) contains the transformation 


(S):[ay, tae, — tag, x4]. 


It is readily found that the group generated by the elations which are 
conjugate with (£,) under the group generated by (RF) and (S) contains 
a group of elations of order 3* having (1000) and x, = 0 for center and 
axial plane. But this is contrary to our assumption that p* = 3. 


4. Groups CONTAINING SKEW ELATIONS BUT NO CENTRAL ELATIONS 


We establish the following theorems: 

THEOREM 2. Any subgroup of Ai(p") which does not contain central 
elations cannot contain two skew elations with different axes if the axis of either 
is a fixed line of the other. 

If £, and EF, are two skew elations with the same invariant complex and 
such that each leaves fixed the axis of the other, then it is easy to prove that 
E;7' Er' E, E, is a central elation. If FE, leaves fixed the axis of E2, but FE, 
does not leave fixed the axis of F,, then Ey' E, E2 and £, will have different 
axes but each will leave fixed the axis of the other. Hence a central elation 
will appear in this case also. 

TueoreM 3. In any subgroup of Ai(p") which does not contain central 
elations any two skew elations with different axes must leave invariant in common 
either all the lines of a regulus or the two axes of a congruence. 

Two skew elations with different axes must leave invariant the two axes 
of a congruence if their axes intersect, one of which is in the plane of their 
axes and the other of which passes through the point of intersection of their 
axes. If their axes do not intersect they must leave invariant at least one line 
in common, since their product can leave fixed no points which are not on a 
line left invariant by both. If they leave invariant only one line in common 
there must be in all cases among the products of their powers transformations 
with two fixed points on that line. Some power of such a transformation must be 
a skew elation having the invariant line for axis. But this is impossible, since 
its axis would be left invariant by the skew elations which generate the group. 
Hence the two generating skew elations must leave invariant either the two 
axes of a congruence or all the lines of a regulus. 

THEOREM 4. Any subgroup of Ai(p") which contains skew elations, but 
no central elations, and which leaves invariant the two axes of a congruence, must 
be (1,1) or (2,1) tsomorphic with the groups of the points on the two azes, 
with the exception of three groups of order 2-4-3, 2-4-12, 2-4-24, which exist 
forp=383. 





386 H. H. MITCHELL: SUBGROUPS OF THE [October 


We notice that if there are any transformations which leave invariant all 
the points on one axis, the group generated by them must form an invariant 
subgroup. If there are any such transformations which are of period p on 
the second axis either they are central elations or some of their powers are 
central elations. The group on an axis cannot contain an invariant subgroup 
of order prime to p except for p = 3, in which case it must be of order 12 
or 24. This readily leads to the exceptional groups noted in the theorem. 

TuEoreM 5. Any subgroup of Ai(p"), which contains skew elations but 
no central elations, and which leaves invariant the two axes of a congruence, must 
contain subgroups of order 1/2 p(p? — 1) which leave invariant all the lines of a 
regulus, provided that no point on either axis remains fixed. 

Any group of the sort described in the theorem must contain one or more 
subgroups which are of order 1/2p(p? — 1) on each axis of the congruence. 
In such a subgroup there will be skew elations whose product is of period 2 on 
each axis. But any such transformation in A;(p") may easily be shown to 
be a skew perspectivity leaving fixed all the points on each of two lines in the 
congruence. Since the product of the two skew elations can leave invariant 
no point which is not on a line left invariant by both, it follows that they must 
leave invariant in common all the lines of a regulus. 

THEOREM 6. Any subgroup of Ai(p") containing an additive group of 
skew elations of higher order than 3, but no central elations, must leave invariant 
a point and plane, a congruence, or a quadric. 

An additive group of skew elations with a common axis will leave invariant 
either a pencil of lines (i. e., all the lines of the pencil) through each point 
of the axis, two pencils neither of which .belongs to the complex, a single 
pencil belonging to the complex, or no pencils whatever. We denote the 
largest subgroup of the whole additive group which leaves invariant a pencil 
through each point of the axis by H’ and suppose that its order is p*. 

If no point or line remains invariant under the group, H™ must be con- 
tained either by a group leaving invariant all the lines of a regulus or by a 
group leaving invariant the two axes of a congruence. The latter must 
however contain subgroups of the former type and some of these will contain 
H”. The largest group containing H which leaves invariant all the lines 
of a regulus must be of order 1/2p* (p** — 1), p* (p** — 1), or 60 (p* = 3). 
We denote one such group by G’. 

If there is another skew elation having the same axis as H™, it must 
generate with G” a group having an invariant congruence. This congruence 
cannot be parabolic, since in that case there would be skew elations present 
having but one invariant line in common. The group generated must be of 
order 1/2p"(p*" — 1) or p™(p’™ —1) on each axis of the congruence, m 
being a multiple of k. We denote this group by G‘® and its additive sub- 
group of order p”, which is commutative with H”, by H. 
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The group G must contain subgroups of order 1/2(p" — 1) or p™ — 1 
on each axis of the congruence, which permute the operators of H‘° among 
themselves. Some of these will contain cyclic subgroups of order 1/2 (p* — 1) 
or p* — 1 which belong to G”. These are skew perspectivities which leave 
invariant all the points on each of two axes of elations in G”. A group of 
order 1/2(p" — 1) or p™ — 1 which leaves two such axes invariant must 
be of period on each of them greater than or equal to p* + 1.* The period 
will clearly be greater than this unless m = 2k, in which case it may cor- 
ceivably be 1/2(p* +1). In this case however G” would contain a skew 
perspectivity of order p* — 1 and hence would be of order p*(p** — 1). 
It therefore contains also skew perspectivities of order p* +1. Under G°” 
one of these would be commutative with the one of order p* — 1. Hence 
the period on the two axes of elations could not in this case be less than p* + 1. 

If now there are other skew elations which have the same axis as H, 
there must be other groups of the same sort as G containing G”. There 
must then be more than one cyclic group leaving fixed two particular axes of 
elations in G” and the period of neither on these axes can be less than p* + 1. 
The group generated by these cyclic groups must in all cases coftain trans- 
formations which are of period p on each axis. Either such a transformation 
is a skew elation or else a power of it is a skew elation. But this is impossible 
since it would leave fixed the two axes of elations in G’. 

Hence in all cases the whole additive group of skew elations having a com- 
mon axis must leave invariant either a pencil through each point of the axis 
or else two pencils. We will show that in the latter case a congruence (the 
invariant congruence of G‘°) must remain invariant. Suppose this is not 
the case. Then there must be an elation with axis not in the congruence. 
It must generate with H a group having either an invariant congruence or 
else an invariant regulus. In the former case there will be in the group 
generated subgroups of the latter type and not more than one of these can 
be in G°®. Any one of these must be of order 1/2p* (p* — 1), and one of 
them must generate with H a group of order 1/2p"(p?" —1). The axes 
of the invariant congruence of this group will meet the axis of H‘® in the 
same points as the axes of the invariant congruence of G , i. e., the two points 
through which pass the two invariant pencils. 

Hence H‘® will be left invariant by more than one metacyclic group, for 
the whole metacyclic group in a G‘® which leaves H“ invariant can leave 
invariant but one congruence, as may be readily shown. The group generated 
by two transformations which permute the operators of H‘® in the same way, 
but which have different invariant congruences, will contain skew elations 


* G(® cannot now be of order 60, since G(©) would in that case contain a subgroup of order 
360 permuting the same ten axes of elations and hence leaving the same regulus invariant. 
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with the same axis as H‘® , which permute the lines of the two pencils. But 
this is impossible, as shown above. 

We suppose finally that the entire additive group of skew elations is identical 
with H’, i. e., leaves invariant a pencil of lines through each point of the 
axis. We will show that if p* > 3 a regulus (the invariant regulus of G‘”’) 
must remain invariant. For if there be a skew elation not in G™ it must 
generate with H either a G“ or another G“. In the latter case the two 
G” must generate a G. If p* > 3 every G contains an additive group 
of order p”, where m is a multiple of k. If p* = 3 there are exceptional G°” 
of order 60, 2-60, 2-4-3, 2-4-12, 2-4-24. That of order 2-4-3 may be 
generated by two skew elations whose axes intersect and contains no G. 

It is perhaps worth while here to discuss briefly the groups which have an 
invariant congruence or an invariant regulus. If the congruence is parabolic, 
or if it is hyperbolic with respect to the GF (p"), such groups are subgroups 
of subgroups which contain central elations. If the congruence is elliptic 
with respect to the GF (p"), there are no central elations in A,(p") which 
leave it invariant. The order of the largest subgroup of A;(p") which 
leaves one f these congruences invariant is p*"(p —1). The totality of 
all such subgroups is a single conjugate set under A; (p"). 

There are two types of reguli, all the lines of which belong to the complex. 
In the one case there are two real lines of the conjugate regulus which belong 
to the complex and in the other these two lines are conjugate imaginary with 
respect to the GF(p"). The largest subgroup of A;(p”") which leaves a 
regulus of the former type invariant is (p" +1) p"(p" —1)*. In the other 
case the largest subgroup is of order (p" +1)? p"(p" —1). The groups of 
each sort form a single conjugate set under A;(p"). Neither of them is a 
maximal subgroup for p” = 3. In that case the former leaves invariant 
both a hyperbolic and an elliptic congruence and the latter is a subgroup of a 
group of order 960 to be discussed later. 

TueoreM 7. If p =3 every subgroup of A:(p") which contains skew 
elations but no central elations must leave invariant a point and plane, a congruence, 
or a regulus with the exception of two groups of order 16-60 and 16-120. The 
latter 1s a subgroup of A,(3") only if n is even. 

We first consider those subgroups which contain G of order 2-4-12 or 
2-4-24. Each of these contains C, which are the identity on one axis of 
the congruence and are of period 2 on the other. We will show that any 
reflection which is conjugate with the invariant reflection of this subgroup 
must be commutative with it, i. e., must interchange its axes. 

Suppose first that there are two such reflections whose axes intersect. 
Their product will then be a skew elation. Consider a C, of the sort described 
above which is commutative with one of these reflections. It will either 
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transform the skew elation into another one having the same axis or will 
transform it into another one whose axis is left fixed by the first. In the 
first case there would be an additive group of skew elations present of higher 
order than 3. The second case is impossible by a previous theorem. 

Suppose now that there are two such reflections whose axes do not ‘ntersect. 
If they do not interchange each other’s axes their product cannot be of period 
less than 4. They must leave invariant in common all the lines of a regulus, 
since their axes are axes of congruences contained by the complex. A C; 
having one of them for its square must generate with the other a group which 
leaves two of the lines of this regulus invariant. If no additive group of higher 
order than 3 is present the group on each of these lines must be of order 24. 
But there must then be present reflections of the type considered whose 
products are skew elations. 

Hence in any case two reflections which are squares of such C; must inter- 
change each other’s axes. The only groups which can contain G® of order 
2-4-12 or 2-4-24 may then be shown* to be two groups of order 16-60 and 
16-120 having an invariant Gig. 

We suppose finally that the only G° which can be present are of order 60 
or 2-60. We may then prove much as in Transactions I (under Theorem 13) 
that there must be commutative C3. The proof that the R, A, and B of 
that discussion must leave invariant two lines in common is different, but 
may be made easily geometrically. But we have considered here the case 
where commutative (C are present. 


5. Groups wHicH CoNTAIN NO CENTRAL ELATIONS AND NO SKEW ELATIONS, 
BUT WHICH CONTAIN SKEW PERSPECTIVITIES OF HIGHER PERIOD THAN 2 


The determination of the groups which contain no central elations or skew 
elations may be made much as in Transactions I, pp. 125-134. This is 
especially the case when the groups contain skew perspectivities of higher 
period than 2. Most of the general properties of the groups as stated there, 
p. 125, still hold if transformations of period p with a single fixed point are 
present. There are however the exceptions that if p = 5 two skew perspec- 
tivities of period 3 which generate a group of order 60, in which the operators 
of period 5 have each a single fixed point, leave invariant but one line in 
common. Also two reflections whose product is of period p can have but one 
fixed line in common. Much of the discussion is simplified on account of 
the limitation of the present discussion to those groups which have an invari- 
ant complex. Aside from this the differences are very slight. The results 
may be summarized as follows: 

THEOREM 8. Any subgroup of Ai(p") which does not contain central 


* Cf. Transactions I, p. 128. 
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elations or skew elations, but which contains skew perspectivities of higher period 
than 2, has either an invariant regulus or congruence or else is a group of one 
of the following orders: 16-120, 16-60, 360, 720, 2520, 5040. Those of order 
16-60 and 360 exist in every A; (p”), that of order 16-120 only for p® = 8h +1, 
that of order 720 only for p" = 12f + 1, that of order 2520 only for p = 7, and 
that of order 5040 only for p = 7 and n even. 

The groups occurring here which have invariant reguli or congruences are 
subgroups of those previously discussed. In the case of the groups of order 
16-120 and 16-60, the axes of the five reflections contained by the invariant 
Gis which are axes of congruences must have coérdinates in the GF (p"). 
The axes of the other ten are lines of the complex and must be real or conjugate 
imaginary with respect to the GF (p") according as p" has the form 4/1 + 1 
or 41—1. These ten reflections are in the Gig¢.129 the squares of skew per- 
spectivities of period 4, which exist in A, (p") only if p*® = 8h+1. 

A Gy.120 is generated by 


10 0-1 ad00b 1 00-1 1 010 
01-1 0 0abo0 0 11 O 0 101 
01 1 Of’ 0bd0}’ 0-11 0O}’ —-1 010’ 
10 0 1 b00d 1 00 1 0-101 


where a + d = 2, a? + 2b? +d? =0. These groups always exist in A, (p") 
and form a single conjugate set under that group, and (if they exist) two 
conjugate sets under A,(p"). The subgroups of order 16-60 always exist 
in A;, and if p* = 8h + 3, they form a single conjugate set under A). 

To determine when the other groups are subgroups of A; we distinguish 
two cases according as the axes of the skew perspectivities of period 3 are 
real or conjugate imaginary with respect to the GF (p"), i. e., according as 
p" = 3k +1 or 3k —1. The Geo may be generated by three such C3 of 
which two are commutative and the third generates a G1. with one and a Geo 
with the other. If their axes are real we find that (if we consider conjugacy 
under A, ) they may be taken to be 


(1000)(0100), (0010)(0001); 
(1000)(0010), (0100)(0001); 
(0111)(101-1), (0—211)(—201-1). 


A Go containing this Ggo must also contain the reflection whose axes are 
(17200)(0017), (1 —700)(001—7), where 2? +1 =0. These are 
axes of a congruence and hence the G729 are subgroups of A; only if they are 
real, i. e., if p* = 41 +1, and hence p” = 12f +1. 

If the axes of the C; are conjugate imaginary with respect to the field, i. e., 
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if p" = 3k — 1, we may take the G0 to be generated by the three C3, C3, 
Cy , Cz’ where one axis of C3 is 


(100)(01w00), 
one axis of C3 is 

(01w0)(100 a’) 
and one axis of Cy’ is 


(1 — Aa, — a, — aw’, w — Aaw) (1, a +A, aw + rw, w’) 


where w +w +1 =0, aa’ =1, A = — 1, a’ and 0’ being the conjugates 
of aand X. The Gyo must also contain the reflection whose axes are 


(ia, 1, , taw) (1, ia, iaw’, w) 
and 
(—ia,1,w, — iaw)(1, — ia, — iaw’, w*). 
These must be real and this is the case if 7 does not exist in the field, i. e., if 
p” = 4l — 1 and hence also p” = 12f — 1. 

Hence A; has primitive subgroups of order 360 in all cases (p > 3), whereas 
it has primitive subgroups of order 720 only if p? = 12f+1. These groups 
form each a single conjugate set under A,, whereas the G79 (if they exist) 
form two conjugate sets under A;, and the G9 (if the Gzx.9 do not exist) form 
a single conjugate set under A). 

The G2529 has an invariant complex only if p = 7 and the G5o49 exists only 
in this case. The axes of the C3; are then real and we may take the first choice 
of coérd'nates for a subgroup of order 360. The G2529 must also contain the 
C3; whose axes are (1200)(0031) and (1300)(0021). The Gsoso 
is generated by the G72 and this C3. It appears in A; only if nis even. In 
this case A; contains two conjugate sets of Gso49, whereas if n is odd it contains 
a single conjugate set of Gos20. 


6. Groups WHICH CONTAIN NO CENTRAL ELATIONS, NO SKEW ELATIONS, 
AND NO SKEW PERSPECTIVITIES OF HIGHER PERIOD THAN 2 


The results to be obtained in this section may be summarized in the following 
theorem. 

THEOREM 9. The only subgroups of A: (p") which contain no central elations, 
no skew elations, and no skew perspectivities of higher period than 2, are sub- 
groups either of groups previously considered or of a group of order 1/2p" (p*" — 1) 
having an invariant twisted cubic. 

The groups of this type whose orders are prime to p and which do not have 
an invariant congruence or regulus are of order 16-5, 16-10, 16-20, 60, 120. 
These are subgroups respectively of groups of order 16-60, 16-60, 16-120, 
360, 720. It is only necessary to consider the groups which contain trans- 
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formations of period p. We may also in consequence of the discussion in 
Transactions I, p. 132, assume that these groups do not contain reflections 
whose axes are axes of congruences. We may also suppose that no trans- 
formation other than the identity can leave fixed the axes of more than one 
reflection. It may also easily be shown that two cyclic groups can have no 
transformations (other than the identity) in coramon unless both are con- 
tained by a larger cyclic group. 

We consider an additive group of order p™ and suppose a transformation 
in this additive group to be 


S: [a1 + axe + bas + cry, to + daz + ex4, x3 + fas, 24], 


where a +0, d+0,f+0. If pig + p23 = 0 is invariant we must have 
a+f=0, b—e+df=0. If the additive group is invariant under a 
metacyclic group there must be present transformations such as 


T: [aa, Bre, i v3, a x], 


the period of which is a divisor of p" —1. The transformation 7 ST 
must be commutative with S. For otherwise if we denote 7! ST by Sj, 
then S- Sy' SS, would be either a central elation or a skew elation. This 
leads to the conditions a = §®,b +e = 0. 

We inquire next under what conditions the cyclic group of order d, gener- 
ated by 7 can be invariant under a group of order 4d; which contains trans- 
formations making a cyclic permutation of period 4 on the vertices of its 
invariant tetrahedron. This leads to 6 = 1 and hence d; = 5. 

If now we denote the order of the whole group by Q, it is clear that there 
must be in the group (p™ — 1)Q/d,; p™ additive transformations. If d, > 3 
any maximal cyclic group of order d, can be invariant only under groups of 
order d,, 2d,, or 4d,;, and in the last case we must have d; = 5. In the 
same way any other maximal cyclic group of order d; can be invariant only 
under groups of order d;, 2d;, or 4d;, and in the last case it may easily be 
shown that d; can be divisible only by primes of the form 41+ 1. There 
must then be (d; — 1) Q/f; d; transformations in each conjugate set of cyclic 
groups, where f; = 1, 2, 4. 

If we attempt to enumerate the transformations which the group must 
contain we are led to the diophantine equation 


2 =1+(p" —1)2/d, yp" + Do (d; — 1) Q/f; di. 


This equation is slightly different if the metacyclic group is of order 2p™ 
or 3p”, for transformations of period 2 or 3 which leave the additive group 
invariant may be contained by cyclic groups of higher order which do not 
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leave it invariant. Hence if the first denominator were 2p” or 3p™ we could 
conclude only that d, is divisible by 2 or 3 respectively. The first would 
give an equation of essentially the same type as that considered in Trans- 
actions I under Theorem 14 and no solutions exist which correspond to groups. 
The second leads to either r = 2, f; = fe = 20rr =2,fi =2,fe =4. 

Since p” must have the form 6f + 1, and since d,; and d, can have no odd 
factor in common, it follows that in the first of these two cases d,. = 2. If 
d, = 6, we obtain 2 = 3p", which is impossible. Hence d;=9. This 
leads to p™ < 12 and hence p™ = 7. We then have d; < 14 and conse- 
quently d, = 9, 12. For d,; = 9 there is no solution, whereas for d,; = 12 
we obtain 2 = 168. This solution however can correspond to no group, 
since there would be seven cyclic groups of order 12 and hence the invariant 
reflection in any one of these groups wou'd have to interchange the axes of 
each of the other six reflections of the same sort. This is easily seen to be 
impossible. 

In the second case, since f2 = 4, it follows that d,; must be divisible by 12. 
Since 2 must be the least common multiple of 3p”, 2d,, and 4d, we have 
Q = 2p"d, dz. This leads to 


4d, dz + 6p™ dz + 3p™di = 6 + p™ di de. 


If 4d; dy is the largest term on the left, it follows that p” < 12 and hence 
p™ =7. We then conclude that either d,; < 28 or dz < 14, and hence that 
d, = 12, 24 or d, = 5, 13. None of these leads to a solution. The same 
result is obtained if 6p” d. or 3p™ d; is supposed the largest term on the left. 

We now take up the discussion of the general case. If no f; has the value 4, 
the equation may be solved exactly as in a previous paper by the author.* 
The only solutions which need concern us here are: 


r= 2, fii=fe=2, dj =4(p™-1), dy 
Q = 3p" (p™ — 1); 


(p41), 


r= 2, fi=fe=2, d, =p” -1, dz = p™ +1, 


Q = p™(p™—1). 


It will be shown later that there are groups which correspond to these two 
solutions. 

We now suppose that at least one f; has the value 4. If f; = 4, then (as 
shown above) d; = 5. Then one of the d’s, say d., must be divisible by 4 
and hence fo = 1, 2. It is evident from the equation that f. = 2 is the 
only possibility, since otherwise the sum of the coefficients of 2 on the right 
would exceed unity. It may then be seen from the equation that r = 3, 


 * These Transactions, vol. 12 (1911), p. 210. 
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fs=4. Hence d; can be divisible only by primes of the form 4/ + 1, and 
since d, = 5, it follows that dj ¢ 13. Since p™ « 11, we find that d, = 4. 
The order, 2, of the group must be the least common multiple of the denomi- 
nators, 5p”, 20, 8, 4d;, and hence must be 40d; p”. This leads to 


10p™ + 8d; = 1 + d; ", 


which may readily be shown to be impossible. 

We now suppose that f; = 1, 2. If now any other d;, say d2, is even, 
we must have f2 = 1,2. This leads tor = 2, so that nof;can be 4. Hence 
d, must be divisible by 4 and we then find r = 3, f; = 2, fe = fs = 4. 

We observe that in this case the order of the group must be given by each 
of the two expressions, 2 = d; p™(1 + kp”) = 2d, d,d3 p™. We may also 
obtain another expression for 2 by multiplying the number of reflections 
by the order of the group leaving a particular reflection invariant. There 
are d, reflections commutative with a particular reflection and d,; — 2 other 
reflections commutative with each of these. The given reflection must be 
contained by two metacyclic groups of order d; p™, each of which contains 
p™ — 1 other reflections. It must also be contained by d,/2 groups of order 
4d, and d,/2 groups of order 4d; which contain respectively d, — 1 and d; — 1 
other reflections. Hence we must have 


= 2d, [1+ di(d, —1)+2(p™ —1) + 3d: (dc, — 1) + 3di (ds — 1)]. 
Comparing this with one of the orders given above we find 
2d; (d, —_ 2) + (4p — 2)+ dd, + dd; = p™(1 + kp™). 


Also 2d,.d; = 1+ kp™. Since d, < p™ and since we may suppose that 
dz £ 5, d3 < 13, it follows that 


(4p™" — 2) + di dz + di ds < yg p™(1 + kp”). 
Hence 


This leads to k = 1, 2;d,; = p" — 1. We then find from the equation given 
above that d. +d; — 4 must be divisible by p”™. Hence we may suppose 
that d; > p”/2. But this is impossible since 2d.d; > 1+ 2p". Hence 
no solution exists if any f; has the value 4. 

We proceed to construct the groups of order 1/2p"(p™-—1) and 
p™(p’™ —1). We may suppose that the former contains the transformations 
S and 7 written above, where a+f=0, b—e+df=0, b+e=0, 
a = 6®. We then obtain, by transforming S by the powers of 7’, the trans- 
formations 


[ay + aya, + by? x3 + cy 24, 22 + dyxs + ey? 24, 3 + fras, x], 

















1914] QUATERNARY ABELIAN LINEAR GROUP 395 


where y denotes any power of 6?. There are 1/2(p"— 1) such trans- 
formations and they must generate the group of order p™. ‘There must be 
among these transformations some whose product is also in the set unless 
p=5,m=1. This leads to the condition, 3¢e = — ab. [This may also 
be proved in the special case by a consideration of the other additive group 
left invariant by 7.] 

If for the present we consider conjugacy only under A,(p"), we may 
choose a and d to be arbitrary marks in the GF (p") different from 0. We 
suppose therefore that a = d=1. The additive group then contains the 
transformations: 


| 2 + tre + 5 -_ Sa, Xo + tx 5%, X3 — 1%, x |, 
where ¢ takes all values in the GF (p™). 

The cyclic group generated by 7 must also leave another additive group 
invariant. Since the fixed points of the p"™+ 1 additive groups must be 
(1000), (0001), and the p™—1 points (—#/6, —#/2, —#, 1), 
we find this additive group to be 


[a1, 3ta, + 22, 68 2, + 4tr. + 23, — 6 x, — 6f xe — 3tx3 + 24]. 


The largest group of this type which belongs to A;(p") is that of order 
1/2p"(p*" — 1) obtained for m =n. They form a single conjugate set 
under A; (p") and may be said to correspond to the ordinary three-parameter 
continuous groups which have invariant twisted cubics. 


7. SUMMARY 


We are now in a position to summarize our results. In the statement 
which follows we have, in a few places, denoted the order of Ai(p") by 
Q(p"). 

THEOREM 10. The maximal subgroups of A1(p") are as follows: 

(1) groups of index Q(p")/Q(p*), each of which is conjugate under A; (p") 
with A; (p*), where n/k is an odd prime; 

(2) groups of index Q( p")/2Q(p*), each of which is conjugate under A, ( p") 
with A, (p*), where n is even and n/k = 2; 

(3) a single conjugate set of groups of index p™ + p™ + p" +1, each of 
which has an invariant point and plane; 

(4) a single conjugate set of groups of index p™ + p™ + p" +1, each of 
which has an invariant parabolic congruence; 

(5) a single conjugate set of growps of index p(p™ + 1)/2, each of which 
has an invariant hyperbolic congruence; 

(6) a single conjugate set of groups of index p*”(p” — 1)/2, each of which 
has an invariant elliptic congruence; 
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(7) a single conjugate set of groups of index p*" (p +1) (p" + 1)/2[p">3], 
each of which has an invariant quadric such that all the lines of one regulus and 
two real lines of the other belong to the complex; 

(8) asingle conjugate set of groups of index p*" (p*™ + 1)(p" — 1)/2[p">3], 
each of which has an invariant quadric such that all the lines of one regulus and 
two imaginary lines of the other belong to the complex; 

(9) a single conjugate set of groups of index p*™(p™ —1)[p > 3, p" > 7], 
each of which has an invariant twisted cubic; 

(10) two conjugate sets of groups of index Q( p")/16-120 ifn = 1,p = 8h4+1, 
and a single conjugate set of groups of index Q( p")/16-60 if n = 1, p= 3 0r 
8h + 3. 

(11) two conjugate sets of groups of index Q( p")/720 ifn =1,p = 12f +1, 
a single conjugate set of groups of index Q(p")/360 ifn = 1, p = 5or12f+5, 
p +7, and a single conjugate set of groups of index Q(p")/2520 if n =1, 
p=. 

The G59 is not a maximal subgroup of A,(7") for any n, but is a maximal 
subgroup of A,(7). Similarly for p = 12f + 5, p + 7, the Gyo is a maximal 
subgroup of A,(p), and if p = 3 or 8h + 3 the Gi¢.120 is a maximal subgroup 
of A,(p). For p" = 5,7 the groups of index p**(p'" — 1) are subgroups 
respectively of the Geo and the Go520. 

We observe that for p" = 3 the maximal subgroups are of index 40, 40, 
45, 36, 27, which agrees with Dickson’s result (loc. cit.). Also we find that 
the smallest index of any subgroup is p™ + p*” + p" + 1 except for p" = 3, 
in which case it is 27. Hence we have 

THeorREM 11. The smallest number of letters on which A;(p") [p odd] may 
be represented as a permutation group is p*™ + p*" + p" + 1 except for p" = 3, 
in which case tt is 27. 

This result is due to Jordan for n = 1, p = 3 and to Dickson* for n = 1, 
p>3. 


UNIVERSITY OF PENNSYLVANIA. 


* Loc. cit. 

















TRANSFORMATIONS OF CONJUGATE SYSTEMS WITH EQUAL 
POINT INVARIANTS* 


BY 
LUTHER PFAHLER EISENHART 


In a recent memoir} we have established a transformation of a surface S 
into a surface S; such that the lines joining corresponding points form a 
congruence whose developables meet S and S, in conjugate systems with equal 
tangential invariants; we have called it a transformation Q. In the present 
paper we consider a transformation of a surface S into a surface S; such that 
the developables of the congruence of joins of corresponding points meet S 
and S; in conjugate systems with equal point invariants. In both cases the 
fundamental operation is the transformation of Moutardt of an equation of 
the Laplace type with equal invariants, just as this transformation lies at the 
base of the various types of transformations in which the two surfaces are the 
focal sheets of a W-congruence. We identify the transformation under dis- 
cussion with one which is involved in part in a theorem established from a 
different point of view by Koenigs, who at the time was considering an en- 
tirely different problem.§ We make a detailed study of this transformation, || 
because it seems to be the foundation of certain important transformations 
which have been established in other ways and it points the way to other 
important transformations. The transformations K admit a theorem of 
permutability just as the other two general types of transformations referred 
to above. So far as we know every class of transformations of surfaces of a 
particular kind into surfaces of the same kind is reducible to one of these 
three types. Consequently we not only know the basis for the existence of a 
theorem of permutability in the known particular transformations, but in 
subsequent investigations we shall have a more immediate method of estab- 
lishing such a theorem for transformations under consideration. An example 
of this is given at the close of the memoir. 
~ * Presented to the Society, April 25, 1914. 

+ Conjugate systems with equal tangential invariants and the transformation of Moutard, 
Rendiconti del circolo matematico di Palermo, vol. 38. 

tJournal de l’école polytechnique, cahier 45 (1878), p. 1; ef. also, 
Darboux, Legons, vol. 2, p. 145. 


§Comptes Rendus, vol. 113 (1891), p. 1022. 
|| Referred to in the following pages as a transformation K. 
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We show that transformations K are commutative with certain radial 
transformations, under which the points of a surface are transformed along 
lines which are concurrent. These transformations enable us to deduce the 
general theorem of permutability for transformations K from a special case 
in which the four surfaces consist of two pairs of associate surfaces, that is, 
two surfaces corresponding with parallelism of tangent planes and such 
that to asymptotic lines on either correspond a conjugate system on the 
other. 

Although the treatment of §§ 1-5 is stated in terms of ordinary space, the 
results are equally true in n-space, if we substitute for a surface referred to a 
conjugate system a reseau, as defined by Guichard* and use the term con- 
gruence in the restricted sense given to it by this author. 

The remainder of the memoir deals with ordinary space. It is shown that 
each pair of surfaces in the relation of a transformation K gives rise to four 
surfaces } , 21, 22, 2’, such that the pairs of surfaces 221, DLD2, 21 LD’, Ze D’ 
are the focal surfaces of W-congruences, and conversely, when four \surfaces 
are so related there exist four pairs of surfaces each pair of which are in the 
relation of a transformation K . 

In order to apply the transformations K to particular types of surfaces it is 
desirable to put the equations in the form developed in §9. The memoir 
contains one application, namely the solution of the problem of determining 
when S and S, envelop a two-parameter family of spheres. It is shown that 
in this case S and S, are isothermic surfaces in the relation of the transformation 
discovered by Darbouxt and studied at length by Bianchi. The theorem 
of permutability of these transformations is an immediate-consequence of our 
general theorem. 

The closing section of the memoir contains the solution of the problem under 
what conditions does the congruence of joins of corresponding points on two 
surfaces in the relation of a transformation K possess other pairs of points 
which describe surfaces similarly related. It is shown that, if a congruence 
possesses more than one pair of such points, it possesses an infinity of 
pairs. 

In a subsequent memoir we shall consider the case where the joins of corre- 
sponding points on two surfaces S and S,; form a normal congruence and we 
shall show that the surfaces orthogonal to such a congruence admit a trans- 
formation of the Ribaucour type. 


*Annales de l’école normale supérieure, sér. 3, vol. 14 (1897), pp. 
467-516. 

tAnnales de l’école normale supérieure, sér. 3, vol. 16 (1899), pp. 
491-508. 

tAnnali di Matematica, ser. 3, vol. 11 (1908), rp. €2-158. 
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1. FUNDAMENTAL TRANSFORMATION 


By definition if x, y, z are the cartesian coérdinates of a surface S referred 
to a conjugate system with equal point invariants, these functions are solu- 
tions of an equation of the form 


#06 | dlog Vp a0 4.9 log Vp 00 


(1) Ou Ov ov Ou du dav 0, 


where p is in general a function of wu and v. 
In accordance with the transformation of Moutard*, if @ is any solution of 
equation (1), the function £ defined by the equations 


dé 06 Ox dé 00 Ox 
9 no. ies aes Woe. a a ee: Sais ieee 
(2) Ou (z Ou ax), Ov o( #5, 0x) 


is the solution of another equation with equal invariants. In fact, if we 
differentiate the first of (2) with respect to v, we find readily that & is a solu- 
tion of the equation 


#O _ AlogipGae A log ype’ _ 


(3) dudv. ov Ou Ou oO 
If in (2) we replace ~ and x by the quantities 7 and y respectively, and also 
by ¢ and z, the functions 7 and ¢ so defined satisfy equation (3). 

When the functions £, 7, ¢ are replaced by Ax1, Ay, Az, the necessary and 
sufficient condition that the surface S;, whose coérdinates are x1, yi, 21, is 
referred to a conjugate system is that \ be a solution of equation (3). We 
assume that ) is such a function and write equations (2) in the form 


0 00 Ox 0 06 Ox 
(4) 2 (nn) = — 0( 252 - 05), 2 (nn) = 0 (25. - 057). 


It is readily shown that 21, y1, 2: are solutions of 


eo a h d¢, 9 dN d¢ 


6) du dot a0'°8 Veg aut au e \og av 


Hence the parametric conjugate system on S; has equal point invariants. 
We denote by M and M, corresponding points on S and S, and by 20, yo, 20 
the coérdinates of a point Mo on the line joining M and M,. Evidently 


(6) m=a+t(m-—2), Y=ytt(m—y), z=2z2t+t(a—2), 


where ¢ is a function of u and v. 
By means of equations (4) the first derivatives of a» assume the form 


* Loc. cit. 
Trans. Am. Math. Soc. 27 
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Oxy _ p@ dx (5 0 log X ) 
du -[«(§ 7 1)+1|5=+ (m~ 8) Bn oe 
fs) 
X\au Pau)? 
Oz pO) | dx (¢ oe) 
Ov =|1 - «(1+ y) |g tin) al Ov 
_#(2 ,2) 
X\d0 Pav)’ 
It is our purpose to show that A can be so chosen that the developables of 
the congruence (G) of lines joining corresponding points M and M, meet the 
surfaces S and S; in the parametric conjugate systems with equal point 
invariants. 


In the first place we observe that 1 is a solution of equation (1) and conse- 
quently it follows from (2), on replacing x by 1, that the equations 


(8) Or/du'= — p 06/du, Or/dv = p 00/dv 


(7) 


are consistent and that the function \ so defined is a solution of equation (3). 
If we substitute this value of \ in equations (7) and give to ¢ either of the 
values 


(9) t=A/(A— p80), te =A/(A+ 98), 
we obtain respectively 


O2o/Ou in Oyo/du _ Oz /du O2x9/dv = Oyo/dOv = O2z/dv 
mM-t wW-y a-—z’ m-2f W-y a-Zz 
Hence the parametric ruled surfaces of the congruence (G) are developable. 
Furthermore, if F; and F, denote the focal points whose coérdinates are 
given by (6) when ¢ is replaced by ¢, and f2 from (9), it is readily shown that 
M and M, are harmonic to F; and F2. 
For the function \ given by equations (8) the equations (4) assume the form 
Ox, p 00 Ox Ox, p 00 Oz 
(10) He = Ol (my — 2) 5 + 05" |, Re ~e[-2 Z4 0%]. 
The foregoing results are stated in 
THEOREM 1. When a surface S referred to a conjugate system with equal 
point invariants is known, and also any solution @ of the point equation of S, 
the codrdinates of a surface 8, can be found by quadratures (10), and this surface 
S, is such that the developables of the congruence of lines joining corresponding 
points on S and S, meet these surfaces in conjugate systems with equal point 
invariants. Moreover, the focal points of the congruence are harmonic to the 
corresponding points on S and 8. 




















1914} TRANSFORMATIONS OF CONJUGATE SYSTEMS 401 


From (10) it follows that the necessary and sufficient condition that the 
tangents to the parametric curves on S and S;, at corresponding points be 
parallel is that @ be constant. From equations (8) it follows that \ also must 


be constant. If we take 6 = — X = 1, equations (10) become 
O21 Ox Ox, Ox 
q@y) Qu? au? = av Pao” 


These equations show that in this case S and S, are associate surfaces.* More- 
over, it is known that the corresponding conjugate systems on any two asso- 
ciate surfaces have equal point invariants and their equations are of the 
form (11). Hence the problem of associate surfaces is a special case of the 
general problem which we are considering. 


7 
2. THE THEOREM OF KoENIGS. THE TRANSFORMATIONS K 


In this section we show that by means of equations (10) we obtain the 
most general surface S; such that the congruence of lines joining corresponding 
points of S and S, possess the properties indicated in Theorem 1. We begin 
by looking upon the congruence (G) as composed of the tangents to the 
curves » = const. on a surface So, whose codrdinates are 29, Yo, 20 and on 
which the parametric system is conjugate. 

Lucen Levyt has shown that the cartesian codrdinates z, y, z of any 
pont M of a line of the congruence (G) which describes a surface S cut in a 
conjugate system by the developables of (G) are expressib!e in the form 


g Ox o OYo o O02 

9 _ ao eee — i ac aoc eee 

(12) x Xo da ou ’ y Yo do ou ’ z 20 da du ’ 
Ou Ou Ou 


where ¢@ is a solution of the point equation of So, namely 


Cg 


00 do 
(13) du dv “5 +s, = °- 
Moreover, each solution of this equation leads to such a surface S. 


We consider a second surface S; with coérdinates 21, y1, 21 given by 


- _ a1 Oat _ a1 Ayo r 1 Iz 
(14) 2 = 2% do; du’ Yi = Yo do; Ou’ sal do; Ow’ 
Ou du du 


o, being another solution of (13). 


*E. p. 380. A reference of this kind is to the author’s Differential Geometry, Ginn and 
Company, Boston (1909). 

+ Sur quelques équations linéaires aux derivées partielles, Journal de l’école poly- 
technique, cahier 56 (1886), p. 77. 
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For the sake of brevity we put 
1 do 1 00 


weet 9s 
ial a ab 
a 
h=3 + ab, k =~ + ab. 


Thus h and k are the invariants of equation (13). It follows from (13) and 


(14’) that 

; OM : aN . 
(15) = h- MN, _* k— MN. 

In accordance with the theory of the Laplace transformation* of equation 
(13) the coérdinates of the other focal point of the congruence (G) are of the 
form 


1 0x0 


Xo = Xo a * -~ 


The condition that the focal points be harmonic with respect to the corre- 
sponding points on S and S;, whose coérdinates are given by (12) and (14) is 


(16) N,+N=0, 


where N, is given by (14’) when a is replaced by o,. If we express the con- 
dition that N, satisfies an equation analogous to the second of (15), we have 


(17) M, = M — 2k/N, 


where M, is given by (14’) when a is replaced by a1. If we require that M, 
satisfies an equation analogous to the first of (15) we get 
ON dO logk 


(18) =? = 


4 «BY. 

k 
Whenever equations (13) and (18) admit a common solution ¢, this function 
and o;, which follows by quadratures from (16) and (17), determine two sur- 
faces S and S, in the relation of a transformation K. 

Later (§ 11) we shall consider the conditions under which equations (13) 
and (18) possess a common solution. Now we are interested in showing 
that when these conditions are satisfied the coérdinates of the two surfaces 
are in the relations expressed by equations (10). 

From (12) we obtain by differentiation 


Ox _ (3 “(E= Oe Ize 
au 7 \ du Ou dus du Ov, J’ 


Oz J (57) ¥( dg dx oc Se ) 
av. 7 \ au Nav Au t+ 3u ov }* 





(19) 


* KE. p. 404. 
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The expression for 0? x/du dv obtained from either of these equations can 
be put in the form 


mfe vss 
a x -(% (ae dx , du\du J? ar) 
du dv \ du 





9 cigs eas at 
(20) N50 au N asi’ 


A necessary and sufficient condition that this equation be of the form (1) 
is that there exist a function p defined by 


8 log Vp _ (22) "22 


Ou Ou ~ Ov’ 
” * ow hey Se 
0 log Vp 7 du iihiting \du} dw 
N ' 


It is readily shown that these equations are consistent if equation (18) is 
satisfied. Owing to the fact that the relation between S and S, is reciprocal, 
it follows that the parametric system on 8S, also is conjugate with equal point 
invariants. Hence we have the theorem of Koenigs:* 

THEOREM 2. If two surfaces S and 8, are so related that the focal points of 
the congruence of lines joining corresponding points M and M, on these surfaces 
are harmonic with respect to these points , and also if the developables of the con- 
gruence meet S and S, in conjugate systems, the latter have equal point invariants. 

Now we show that coérdinates the of S and S; are in the relation of equa- 
tions (10). 

Since o; determined by quadratures from (16) and (17) is a solution of equa- 
tion (13), it is evident from (12) that the function @ given by 


99 a . o 
(22 = C1 do Ou “01 1 oh be 
ou Ou 


is a solution of equation (20). 

The first derivatives of 6 are given by equations obtained from equations 
(19) on replacing 29 by o1; and from these same equations on substituting o 
for o we get the first derivatives of x,;. When these values are substituted in 
equations (10), they are satisfied, provided that 


7 - _ 9 90i\o O/  O  _ 
(23) nN ‘ 30 du ae dul ™ pz (a1 — 6). 
Ou Ou 


When this expression for \ is substituted in equations (8), we are led to equa- 
tions (21). Hence we have 


* Loc. cit. 
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THEOREM 3. The transformation (10) of a surface S into a surface S; 1s the 
most general case of pairs of surfaces in the relation of Koenigs. 

In view of this result we shall hereafter say that S; given by (10) is obtained 
from S by a transformation K. 


3. THEOREM OF PERMUTABILITY 


Suppose that we have two solutions 6, and @2 of equation (1) and consider 
the two surfaces S; and S, which arise from S by transformations K; and Ke 
determined by 0, and @2 respectively. The codrdinates x;, y;, 2; and 22, y2, 22 
are given by equations of the form (10), namely 


Ox; _ P 00; 9, 9% 

du MiG ~ =) 3, + FI, 

(24) (¢=1, 2), 
Ox; p 


00; =| 


where, in accordance with (8), 


Or; 06; Or 00; 


au "Ou ov ~ ae —e 





(25) 


From (5) it follows that the functions z;, y;, z;, defined by (24) and similar 
equations in y; and z;, satisfy the corresponding equation 
0 o; 0. Ai 06; re) A; O¢; 


—_— — — a _— = = i. 2 . 
du dot a0 og, au tau e yoo, a 9 =| 





(26) 





It is evident from (4) that these equations are satisfied also by the functions 
6, and 6; respectively, defined by 
i 00; 00; 
=~ (6, XA; ) = (6. — — a5) 
— Ou Ou —s 
(27) Coat Seep 
Beairny=o(0m— om) YN? 
av! ih) =p * Ov ? Av 
As thus defined each of the functions 6; is determined only to within the 
additive function ¢;/A;, where c; is an arbitrary constant. Hereafter in 
using pairs of functions @; and 6, simultaneously we understand that the 
constants ¢; are so determined that 


(28) 6,1 + 0; 2 = 0, 


which evidently is possible because of the form of (27). 

It is our purpose to show that, if we use the functions 6; and 6, to determine 
transformations K; and Kj of S; and S, respectively, the resulting surfaces 
coincide, giving a surface S’ with coédrdinates x’, y’, 2’. 
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In the first place we observe that if we put 
(29) pi = Xj /p6i, 


equations (26) may be given a form similar to (1). Hence for the trans- 
formations K; and K; the equations analogous to (25) are 


2 2 
an OX, NB, = ON, _—ODE AB, 


= 3 j= 8, 9). 
au au’ dn ot Ov Cs ) 


In order that the transforms of S; and S, may coincide, equations analogous 
to (24) necessitate the conditions 


Ox’ pi 6; dx, -2 : 06; oe | 

du =P l(a — a) Se + | = (2! — m)a + 5, 1 

Ox’ pi , 06; Ox, pe 00, Ox: 
oo aed ode m1) Gp + % = |--% | (a - a B+ 0.5 =|. 


If we substitute in the second equation of the first row the expressions for 
00; /du and dx;/du given by (24) and (27), we obtain 


0, 0s mai. iV. dx 
(82) (a5, - 052) P +74 (atiza) | - 2) 5 + 5 | = 0, 


where for the sake of brevity we have put 


(31) 





tid, te) Aix 
(33) P= e| 8? 8 Gy, (81 + 82) + Xr gy * |- (2 at et) ee. 


In a similar manner we obtain from the second row of (31) the equation 


a lath cM\eabGs i . 1 a0. , Ox) _ 
(34) ( 0,3 mi =) P *S 2 (satire [ce 7 me + 5 | ei 


The equations of condition (32) and (34) are satisfied if P = 0 and if 
(35) Ai 01 + Az O2 = 


We shall show that these conditions are satisfied and lead to the desired result. 
If we differentiate equation (35) with respect to wu and » separately and re- 
quire that the functions \; shall satisfy (30), we find that we must have 


(36) Ai 01 = Ar (0; + 62) — Ao An, Ae Os = Ao (O2 + 01) — Ar Oe. 


In consequence of (28) these equations are consistent with (35) and further- 
more these expressions for \;, satisfy equations (30). 
Because of (36) the equation obtained by equating P to zero is reducible to 


(37) Ay 0, 2’ = OF Are + Ai Oo a1 — AoA a2, 
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which, in consequence of (28) and (35), is equivalent to 
(38) Ne Oo a’ = Os Noe + 2 Oi eo — AL Oo M1. 


With the aid of equations (36) it is shown that the value of x’ given by (37) 
satisfies equations (31). Hence not only does S’ exist satisfying the above 
requirements, but its codrdinates can be found without quadrature after @; 
and 6, have been obtained by the quadratures (27). 

We shall say that four surfaces S, S;, Sz, S’ in the above relation form a 
quatern. From (37) it is evident that the corresponding points on the four 
surfaces lie in a plane. 

From the form of (27) it is seen that 6, is determined to within the additive 
quantity c/A;, where ¢ is an arbitrary constant. The first of equations (36) 
shows that the corresponding change in X; is the addition of ¢/6,. Hence if 0) 
is a function giving a surface S’ and if we denote by S: the surface determined 
by 6; + ¢/A1, the coérdinates x,, y:, 2. of S. are expressible in the form 


e¥ 6; ead c) x. = (0; A 4 c)2 -b v1 05 aA =- Ae 6; 25 
which may be written also 
(39) (Ay 6; a c) 2. = cx + 4 6; 2’. 


Hence all the corresponding points on the family of surfaces S. lie on the 
line joining M and M’, and each point divides the segment MM’ in the ratio 
C, oY A. 

The foregoing results may be assembled into 

TueoreM 4. If S; and S2 are two surfaces arising from S by transformations 
K,, there can be found by a quadrature an infinity of surfaces S’ each of which is 
in the relation of transformations K with both S; and S82. The corresponding 
points on the suite of surfaces S’ lie on a line which passes through the corresponding 
point on S and in the plane determined by the latter point and the corresponding 
points on S; and S2. 

We consider in particular the case when S; is an associate surface of S. 
As shown in §1 this arises when we take 06; = — 4; = 1. Now equations 
(27) for 7 = 1 become 


00; 002 06; 002 


au au’ Oo av’ 





Comparing these with (25) and making use of (28) we see that 


6.=—XA +e, 6, = —1+¢/ne. 


Hence if we take c = 0 the surfaces S, and S’ are associate. In this case 
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equation (37) can be written 


(40) 6.(a’ — 21) = Ao (ae — 2). 
There’ore we have 

TueoreM 5. If S and 8S, are two associate surfaces, and if S2 is any surface 
arising from S by a transformation K , there exists a surface S’ associate to Se 
which is in the relation of a transformation K with S,; moreover, the lines joining 


corresponding points of S; and S’ and of S and Sz are parallel. 


4. ENVELOPE OF THE PLANES OF A QUATERN 


We have just seen that the four corresponding points M, M,, M2, M’ of 
the surfaces of a quatern S, S;, S:, S’ lieina plane. Since this plane contains 
the lines MM, and MM, which generate congruences whose developables 
meet S in a conjugate system, it envelopes a surface upon which the curves 
corresponding to these developables form a conjugate system, as follows from 
the general theory of conjugate systems and congruences.* Moreover, if II 
is the point of the envelope corresponding to the point M on S, the tangent 
at II to one of these curves passes through the focal points F; and F; of the 
lines MM, and MM, respectively, and the tangent to the other curve passes 
through the other focal points F;’ and F;'. Since the set of points M, M,, 
F,, F}; are harmonic and likewise the points WM, M., F:, F2', it follows that 
the line joining M,; and M, passes through II. As the surfaces S and S’ bear 
to S; a relation similar to that of S; and S, to S, it follows that the point II 
lies also on the line MM’. 

If X, Y, Z denote the coérdinates of II, in order that it be the intersection 
of the lines MM’ and M, M2, there must exist functions o and 7 such that 


(41) X=2a+e(2 —a7)=a4+7(e—-%N1), 


and similar expressions for Y and Z. If we eliminate 2’ from equation (37) 
and from the equation formed by the last two members of (41), we obtain 
an equation of the form az + ba; + cre = 0. Since the same equation is 
satisfied by the y’s and 2’s, the expressions a, b, and c must be zero. These 
equations are consistent in consequence of (36) and give the expressions 


di 6; deo 0; 


we ES ee hh — eh’ 
When these values are substituted in (41), we obtain 


= x 6; 2’ — 6; A x 1 05 + de 6; Ai) 
9 = = " 
(42) 4 hi 01 — O11 hi 02 — ro A 


which are consistent because of (37). 
7h. Guichard, loc. cit., p. 491. 
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From (6) and (9) it follows that the coérdinates of the focal points, namely 

2;, yi, z and x; , y; , 2; for? = 1, 2, are given by expressions of the form 
» _ Ati — pix » _ gti + pO 
(48) lies Ai — pA; ’ ™ Mi + 4; 
Hence the direction-parameters of the lines F; F:, F;’ Fy’ are proportional to 
expressions of the form 

®1 Ai (Az — pB2) — %2 Ao (Ar — pA.) + px (Ar O2 — Az A1), 

1 (Xz + p62 ) — Ze Ao (Ay + p@; ) = px (ri O2 — de 6), 


respectively. With the aid of these values it is readily verified that the 
point whose coérdinates are given by (42) is the intersection of the lines 
F, F, and F;' Fy’. 

From the second expression (42) for X we obtain by differentiation 


(¢ = 1, 2). 


(44) 


OX ‘ 
— [a1 Ai (Ae + p82) — %2 Ao (Ar + pO) + px (Oi rz — A A) ] Ki, 
Ou 
(45) 
ax . 
Oe - [ay Ar (Ae — pb2) — %2 Ao (Ar — p0,) — px( 6; r2 — A A) ] K2, 
where 
06; 00 00; 002 
25 — a 02 — A= 
(46) K, du Ou K Ov Ov 


2" (O12 — O21)?” 


Comparing equations (44) and (45), we note that the curves v = const. 
on the envelope are tangent to the corresponding lines F;’ F;’ and the curves 
u = const. to the lines F; F:, as previously remarked from the general theory. 
As the congruences of lines M’ M; and M’ Mz bear to the surface S’ a relation 
similar to that of the lines MM, and MM, to S, the focal points on the lines 
M’ M, and M’ M, lie on the tangents to the curves v = const. or u = const. 
It follows that the two tangents at a point II are harmonic with respect to the 
lines MM’ and M, M; through the point. 

In order to find the equation satisfied by the coérdinates of II, we differen- 
tiate the first of equations (45) with respect tov. After direct reductions we 


find that 
00, _ 30 
aX | K,|dlog vp , *au — “du | aX 
dude K,| ou * @m-mh | Ow 





(47) 
4,201 _ ats 
Ky | log vp , ©* dv ** dv | AX _ 
Ko Ov 6; de —- 0, v1 Ov i 


It is evident that ordinarily the invariants of this equation are not equal. 
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We inquire whether the point II ever coincides with one of the suite defined 
by equation (39) for all values of u and v. If we equate this value of 2. to 
the second expression (42) for X, we are led to the condition 6; \1 = — ¢, 
which by (27) necessitates 62/6; = const. In this case S; and S, are homo- 
thetic. 

Gathering together the above results we have 

TuEorEM 6. Jf S, 8,, Sz, S’ are four surfaces of a quatern, the plane I of 
four corresponding points M, M,, M2, M’ touches its envelope in the intersection 
II of the lines MM’ and M, M2; the parametric lines on the envelope form a 
conjugate system (with invariants ordinarily unequal) whose tangents are har- 
monic to the lines MM’ and M, M; and contain the focal points of the lines MM,, 
MM,, M’ My, M’ Me. 


5. RELATIONS BETWEEN TRANSFORMATIONS K AND RADIAL TRANSFORMATIONS 


If w is a solution of equation (1) which is linearly independent of z, y, z, 
the surface S whose coérdinates Z, 7, Z are given by 


(48) = 2/w, 7 =y/w, Zz =2/w 


is referred to a conjugate system with equal point invariants. In fact, it is 
easily shown that the coérdinates of S satisfy the equation 


vo a 6 @ 


- 06. 2@ 06 
A. J = 
anes du Ov 9p 18 — Ou log Ypw5, = 0. 


Ou Ov 
We shall say that S is obtained from S by a radial transformation. 

If 6 is a function linearly independent of z, y, z, and w, we shall find that 
the surfaces S; and S, resulting from S and § by transformations K, deter- 
mined by @ and 6 respectively, where 


(50) 0 = 0/w, 


are in the relation of a radial transformation. In fact, we shall show that 
the codrdinates 21, y1, 21 and %;, 91, 2 of S; and 8S, respectively are in the 
relations 


(51) Zi = 2/1, Ti = yi/w1, 21 = 21/m1, 
where w; is given by the quadratures 


00) 0) 


aie 00 | , dw Om  _? 06 | , 9 
p= Pl (or — 0) Se + 05" |, wt = El (ar — 0) 57 + 052 |. 


As equations (52) are of the form of (10), it is evident that they are consistent 
and that w is a solution of the point equation of S;, namely (5). 


(52) 
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The equations of the transformation from S to Si, analogous to (10), are 
1 2 | (% 2) 22) - (2) 
dus iy wo, w)du\w Fo aula) | 
= —e2| (2 _2)5 (2) 2 (2) 
dv X wo w/)dv\w to ala) |: 


When the value of Z, from (51) is substituted in (53) and in the reduction 
equations (52) are used, it is found that the necessary and sufficient condition 
that these equations be satisfied is that , 


(53) 


(54) N = @, A. 


With the aid of equations (52) it is readily shown that this value of ) satisfies 
the equations 


Re Od (2 Od _ 2 (2) 
(55) au Bula)’ av) ava)’ 


which are analogous to equations (8). Hence we have 

TuEoreM 7. If two surfaces S and S are in the relation of a radial trans- 
formation and a transformation K of S is known, it ts possible to find by quad- 
ratures a transformation K of S such that the new surfaces S, and S, are in the 
relation of a radial transformation. 

If in particular @ = w, it follows from (55) that X is constant. When we 
take \ = — 1, equation (54) becomes 


(56) w= —I1/r, 


which we have seen in $3 is a solution of equation (5). With the aid of 
equations (8) it can be shown that this value of w; satisfies equations (52). 
Now 6 = 1, consequently S, is associate to S, as shown in §1. From these 
results we have 

TuHeoreM 8. If a surface S is subjected to a radial transformation deter- 
mined by a function 0, and if the associate of the resulting surface, determined 
by the parametric conjugate system, undergoes a radial transformation determined 
by — dX, where d is given by the quadratures (8), the new surface S,; and S are 
in the relation of the transformation K determined by @. 

Suppose now that we have a quatern of surfaces S, S,;, Sz, S’, expressed 
in terms of the same functions appearing in §3. If 62, determines a radial 
transformation of S, a comparison of equations (52) and (27) reveals the 
fact that the function w; = — @;. On the other hand w= —1/d2. Again, 
since the radial transformation function of S, differs only in sign from the 
function 6; of the transformation of S; into S’, it follows that w’ = 1/A}. 














1914] TRANSFORMATIONS OF CONJUGATE SYSTEMS 411 


Hence the four surfaces S, S,, S2, S’, whose z-codrdinates are respectively 
of the form 


(57) == 2/02, wy1=>- 1/0; ’ i2= Ae v2, 2) = ) z’, 


are radial transforms of the surfaces of the original quatern; and these surfaces 
themselves form a quatern of the special type of Theorem 5, the surfaces 
S and S82 being associate and likewise S; and S’. The transformation func- 
tions of this new quatern are 
6; = 0;/62, k= ~ AE 0. = — X. =]; 6=-r=—-1; 
(58) " a 
6,= 61, 2 = — 41/62. 


i 


It is readily shown that these functions and the coérdinates (57) satisfy 
equations analogous to (37) and (38). 
In like manner the four surfaces whose coérdinates are of the form 


, , , 
x/61, ane MA V1; -_ 2/02, rz 2’ 


form a quatern in radial relation to the corresponding surfaces of the other 
two quaterns. 

Accordingly we have 

THEOREM 9. When a quatern of surfaces is known, two other quaterns can 
be found without quadratures, each of which consists of two pairs of associate 
surfaces. 


6. W-cCONGRUENCES ASSOCIATED WITH A TRANSFORMATION K 


We consider a surface S and the associate surface So whose codrdinates 
Xo, Yo, Zo are given by quadratures of the form 


Oxo Ox OXo Ox 


5 = —- —_ = = 
(59) Ou Pou’ dv Pav’ 


as follows from (11). These coérdinates are solutions of 


8 Alogvp d% , A log Vp I% 
Oudv Ow du + Ou dv’ 





(60) 
as is readily shown, if we note that 2 is a solution of equation (1). If we put 


(61) a = 0/ Vp, 


the function ¢ is a solution of the equation 


So ~~ a £a 
(62) Ou Ov r Vp Ou Ov (--) oi 
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In accordance with the theory of infinitesimal deformation of surfaces the 
surface 2, whose coérdinates £, 7, ¢ are given by quadratures of the form 
aw 6S Oe 
(63) du au 7° au’ dv. av ap’ 
corresponds to S with orthogonality of linear elements.* For the sake of 


brevity we say that 2 is the ortho-surface of S determined by So. 
By means of (59), equations (63) are reducible to 


64 3 = -2( Oyo dz0 df _1 Oyo 3) 
(64) du p\ au au}? dv p\ av 7 a /° 
If we put _ 

(65) to=Vpa, yo=urpB, 2=Ypr, 


the functions a, 8, y are solutions of equation (62) and equations (64) assume 
the Lelieuvre form 


0é oY 0p dé Ov 0B 
(66) 5 = (852-756), st = - (85% - 752). 


In like manner there is a surface Si associate to a surface S, resulting 
from S by a transformation K and its coédrdinates, x19, y10, 210, are given by 


(67) X10 a 0x1 X10 = 0x1 

. aut Ou dv By’ 

where, as follows from (29), 

(68) pi = d*/ph. 

- It can readily be shown that the four surfaces S, So, S:, Sio satisfy the re- 
quirements of Theorem 5, so that So and So are in the relation of a trans- 
formation K. In fact, in this case equation (40) becomes 

(69) O(2%19 — %) = A(M1— 2). 


If the expressions (10) for d2;/du and 0x,/dv be substituted in (67) and 
(2, — x) be replaced by its value from (69), we have 


- a = 7,00 49% = = 7,20 _ » oxo 
(70) Fu (x10) ~ 05u" bau’ Bp (Px10) = 090 p av’ 
In a manner analogous to (65) we put 

= r 

(71) to = Vaio = — an 


As defined by equations (8), the function \ is a solution of equation (60). 
*E., p. 382. 
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Consequently the function ¢;, defined by 
(72) a1 = / Xp, 


is a solution of (62). In consequence of equations (71), (72), and (8), equations 
(70) can be written in the form 


“a = “ da do; a _(_ da any 
(73) Gu 672%) _ («52 ~ ou ), Qn (7%) ue (« dv ~~ av ). 


Moreover, the codrdinates £;, 71, ¢, of 21, the ortho-surface to S, determined 
by Sio, are given by the quadratures 

- 0&1 = dy1 OB, df) = ov1 ) 
(74) SH = (6152 — Get), He — (at ny, ‘ 

From these results we know that 2 and 2; can be so placed in space that 
they are the focal surfaces of a W-congruence, and that the following rela- 
tions hold: 

&§—-&=—n—-hr, m—-n=yau-—-714, 
ii - 6 =afi-—a8.* 
Each solution of equation (62) determines a surface associate to 2. We 


denote by Yo the associate surface corresponding to the solution o; given by 
(72), and by Xo2 the associate surface determined by the solution 


(75) 


(76) o2 = 1/%p. 


The first of these gives rise to the W-congruence whose focal surfaces: are 
x and 2. The surface Yo; determines an ortho-surface to 2, namely S, 
whose coérdinates %, 7, Z are 


(77) Z=01a, g=0of1, Z2=971; 
where a;, 61, 71 are given by (71). The surface So whose coérdinates are 
(78) Zo = a/o1, Go = B/o1, 29 = y/01, 


is associate to S and is an ortho-surface of 2.7 
The equation for 2; analogous to (62), namely 


eg —- 3 1 
: skal) 
(79) Ou Ov Pl ou dv Vp1 ms 
admits the solution 1/o,. This solution determines an associate surface 
of 2, which leads to the ortho-surface Sp of 2:1. Moreover, the joins of corre- 
sponding points on this associate surface and Yo are concurrent. ft 


~ * Cf. E., pp. 417-420. 
{ Cf. E., p. 420. 
t Cf. Darboux, Legons, vol. 4, p. 69. 
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We observe that 1/ ¥p; also is a solution of equation (79). We denote by 
10 the surface associate to 2, determined by this solution. If we apply the 
Moutard transformation of the form (73) to 1/ Vp, we obtain 1/¥p:. In 
fact, it is readily shown that the equations 


a bh uf a1.1 ier) 
au\7} Voi] 1 Bu Vp Vp Ou)’ 


7) 1 = d 1 1 do, 

a( 0% a) 7 (5, Vp Vp % ), 
reduce to equations (8). Making use of results which we have established 
elsewhere,* we have 

TuHeorEM 10. The surfaces Xo2 and X19, associate to > and >,, and deter- 

mined by 1/ Vp and 1/ Vp, respectively, are such that the lines joining correspond- 
ing points on these surfaces form a congruence whose developables meet them in 
the conjugate parametric system, which has equal tangential invariants; and the 
lines of intersection of the tangent planes to Xo2 and X19 form a congruence whose 
developables are parametric and whose focal planes are harmonic to these tangent 


(80) 


planes. 

We say that two surfaces, related as Xoo and Ly are in this theorem, are 
in the relation of a transformation Q. 

We turn to the consideration of the W-congruence, determined by the 
solution ¢2 = 1/ Vp of equation (62), of which = is one of the focal surfaces. 
Since S is the corresponding ortho-surface of =, the functions a2, B2, ye for 
the second sheet 22 are given by the equations 





(81) a2 = Vp, Bo = Vp Y; v2 = Vpz, 
which are analogous to equations (77). These functions are solutions of the 
equation 
0” a’ 1 & Vp - 
9 =-—— —-go 
(82) dudv vp du dv 3 


as is readily shown. Moreover, from (59), (65), and (81) it follows that 


;.(<2) - (=< ea) 
Ou Vp ~ Vp Ou o Ou Vp F 


r) ( =) ( 1 da 01 ) 
a: ~ >. eS 
Ov Vp Vp Ov Ov Vp ; 
which are of the same form as (73). 
In like manner the function o; = 1/ Vp; determines a W-congruence for 


*Rendiconti, loc. cit. 
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which 2; is one of the focal surfaces. Since S, is the corresponding ortho- 
surface to 2,, the functions a’, 6’ , y’ for the second focal sheet D’ are given by 


d d d 


84 t =p, SS eee ’ ‘—- —_—— 9 | — ed 2 
~ ee so * —”6lUC Np 0" 


It is easily found that the function 
(85) a; = Vp 0 


is a solution of equation (82). If we substitute in equations (10) the expres- 
sions for x; and x which follow from equations (81) and (84), the resulting 
equations may be given the form 


ati (0, 902 $) 
au (2% = ~\ 9% oy — % Ou J? 
oO , ’ =( , Os da2 

jy (02%) = 72 ay ~ “ ay J° 


Comparing these equations with (73), we observe that the lines joining corre- 
sponding points on the surfaces 2, and Y’ form a W-congruence, for which 
these are the focal surfaces. It remains to find the relations between the 
coérdinates of these surfaces. 

From equations (65), (69), (71), (81), and (84), we obtain the relation 


(86) 


(87) a! = «+35 (a1 ~ a2). 
Analogous to equations (75) are the following: 
f&—&=—Py—yvh, #8 -Hh=fiy —-n 6’, 
’ — 2 = Bay’ — v2 8’, 


which are consistent in view of (87). From these follows also 


(88) 


r 
(89) = E+ 75 (Bam — Bi 2). 


From the foregoing results we have 

THEOREM 11. When a pair of surfaces S and S, in the relation of a trans- 
formation K are known, it is possible to find by quadratures four surfaces =, 21, 
22, L’ such that the pairs 2X1, UZ2, 21D’, V2 D’ are the focal surfaces of four 
W-congruences and the asymptotic lines on these surfaces correspond. 

We say that four such W-congruences form a quatern, which we indicate 
by W(z, mts 22; 2’). 

From this theorem we derive 

Trans. Am, Math. Sec. 28 
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THEOREM 12. Four surfaces S, S,, S:, S’ forming a quatern under trans- 
formations K determine twelve W-congruences forming six quaterns of W-con- 
gruences. 

Let W (2,21, 23, 2’) and W(z, Le, Z3, 2’) be the quaterns determined 
by S and S; and by S and S, respectively in accordance with Theorem 11. 
The pair of surfaces S, and S’ determine a quatern W(2,, 24, 2’, 2”). 
But from the nature of the theorem of permutability it follows that there is a 
quatern W (22, 24, 2”, =’) determined by S2 and S’. Furthermore, it is 
readily seen that these focal surfaces are so placed that there exist also the 
quaterns W (2, 21, 22, 24) and W(23, 2’, 2”, 2”). 


7. TRANSFORMATIONS K DETERMINED BY A QUATERN OF W-CONGRUENCES 


In this section we shall show that every quatern of W-congruences gives 
rise to four pairs of surfaces in the relation of transformations K. In doing 
so we make use of the results of Bianchi* concerning the determination of 
such quaterns. 

Let = be a surface referred to its asymptotic lines and defined by equations 
(66),. where a, 8, y are linearly independent solutions of an equation of the 
form 


(90) eg 


duds 


M being a function of u and v in general. If o; and o2 are two independent 
solutions of this equation, the functions a1, 81, y:1 and a2, B2, Y2, given by 
quadratures of the form (73), determine two surfaces 2; and 22 whose cartesian 
coordinates £1, 71, ¢: and £2, m2, 2 are expressible in the form (75). Moreover, 
the functions a;, 8;, yi (7 = 1,2) satisfy the equations 


0 6; 0 . , 
(91) Ou dv i5oa5( =) is = 8,8). 





In accordance with the theorem of Moutard these equations are satisfied 
also by the functions o; and a2, defined by 


7) P , 9 (a fs) ‘ 0 ( o 
9 ame = =— *——f — — = ¢g—i— 
2) 2 ae)=-otZ(Z), Ziaei=iZ (2), 
) ‘ ae (2) 0 ; , a (2 
(93) Bu 672 92) = ~ 2 Gu\ on)’ Gp (72 82) = O25, a2)" 
In the subsequent discussion we assume that the constants of integration are 
so chosen that 
(94) 0292 = — 191, 
* Lezioni di Geometria Differenziale, Pisa (1903), vol. 2, pp. 71-74. 
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in which case we have 

a , & 1 , & ( 1 

0 7s Ss = G43" 5 “7 Fe 
(95) ‘jon (>) * du dv \ a; 


Bianchi has shown that the functions a’, 6’, y’, defined by 


a’ =a+t(a; — ae), B’ = B+t( Bi — Be), 


(96) 
yY =7y+t(n— 12), 
where 
a. 
(97) vas Oo; 2’ 


satisfy equations (86), also the equations 


Lae ) = — (61 SS 0 22) 
ase 7™ ' Ou 1 Ou)’ 


[Po - ( Oo, Aoi 
ae )=(1 5 —aa |, 
and analogous ones for #’ and y’, and finally also 


PO 
Ou Ov 


(98) 


(99) = M’?’, 
where M’ is the function equal to either member of (95). 

These functions a’, 6’, y’ determine a surface 2’, whose codrdinates are 
given by 


f&=£+t(bov1— Bire), n =n+t(y2a1 — Y102), 
= 5+t(a2 Bi — a1 Be), 


such that 2, and 2’ are the focal surfaces of a W-congruence and likewise 
22 and >’ of another W-congruence. Hence we have a quatern of W-con- 
gruences W (2, 21, 22, 2’). 

We suppose that we have a quatern W(2, 21, 22, 2’) defined in this 
general way and we introduce three functions p, \, 0, defined by the equations 


(100) 


(101) o1=X/Vp, 02 =1/Vp, os = Vp. 


In terms of these functions equation (90) can be given the form (62) and 
equations (93) reduce to (8). In accordance with (94) we have 


(102) a; = — OVp/d = 1/ Vp, 


the function Vp; being defined by this equation. 
In accordance with the general theory of W-congruences and infinitesimal 
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deformation of surfaces, the surfaces S and So whose coérdinates 2, y, z 
and 29, Yo, 20 are given by (81) and (65) are ortho-surfaces of and 2» re- 
spectively. In like manner the surfaces S and So whose codrdinates Z, 7, 2 
and Zo, Jo, Z are of the form (77) and (78) are ortho-surfaces of = and 2,1; 
and S,; and S19, whose coérdinates 21, yi , 21 and 210, Yio, Z10 are given by (84) 
and (71), are ortho-surfaces of 2; and Y’. Also the quantities Z,, 91, 2, and 
Z10, 910, Z10 Which are of the form 


(103) % = Vp0a’, 10 = a2/ Vp 0 


are the codrdinates of ortho-surfaces S, and Sy of 2 and >’ respectively. 
When the values of a2 and a’ given by (81) and (84) are substituted in (86), 
we obtain equations (4). Hence the surfaces S and S, are in the relation 
of a transformation K. In like manner it can be shown that each pair of 
surfaces SS, : So Buss So So are in the relation of a transformation K. More- 
over, it follows from Theorem 10 that each of the above four pairs determines 
a pair of surfaces referred to a conjugate system with equal tangential in- 
variants which are in the relation of a transformation 2, and the spherical 
representation of this conjugate system on any one of these surfaces is the 
same as of the asymptotic lines on one of the surfaces 2, 21, 22, >’. Hence 
we have 
TueoreM 13. Jf 2, 21, Y2, LD’ are the focal surfaces of a quatern of W- 
congruences, the eight associated ortho-surfaces of the former can be arranged into 
four pairs such that the surfaces of each pair are in the relation of a transformation 
K; moreover, each pair determines the quatern of W-congruences; also each pair 
determines two other surfaces which are in the relation of a transformation Q. 


8. EQUATIONS OF A TRANSFORMATION K IN ANOTHER FORM 


In applying the transformations K to particular types of sur’aces whose 
transforms are to be of the same type, it is frequently advisable to have 
the equations of the transformation in another form, which we will now 
establish. 

Let S be a surface referred to a conjugate system with equal point invariants, 
and let XY, Y, Z; Xi1, Yi, Z; and X2, Y2, Zz, denote the direction-cosines of 
the normal to S and of the bisectors of the angles between the codrdinate 
lines. If one of these angles be denoted by 2w, we have 


a on 
(104) = = VE (cos wX;—sinwX2), - = VG (cos wX;+sin wX2), 


where E, F, G denote the coefficients of the linear element of S. Since 
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F = VEG cos 2w, we have 


oxX D ; - . 

_*= VE ain Dey (Sin w X,; —cosw Xo), 
(105) : 

ox | : ‘ 

Fa Gia te (sin w X; + cos w Xo), 


where D and D” denote the fundamental coefficients of the second order 
for S.* 

If we compare equation (1) with the Gauss equations for Sf, we observe 
that 


‘ 8 log Vp 8 log Vp 
~ ee L _, oe 
(106) 1 }= Ov ’ {3} Ou ’ 


the Christoffel symbols {’’} being formed with respect to the linear element 
of S. From the definition of these symbolstf it follows that equations (106) 
lead to the identities 


avE — 0 log Vp = 0 log Vp 
= == | _—— —- aa y 2 
~— ap VE i VG cos 2w _ 
] x " 
aNvG — 0 log Vp rz . @log vp 
= —vG - — VE cos 2w — ; 
Ou Ou Ov 


The expressions for the other Christoffel symbols are as follows: 


0 o VE dw E 0 log Vp 
11 9a i ee aaa 2w -— 
{i/= au + 2 cot 2w 7 G 008 20 ee 
ee d log Vp _ E 1 dw 
Ov G sin 2w du’ 


(108) i 
22, _@ Alogvp_, G 1. a 
tiy= E ou E sin 2w dv’ 


‘ log VG G al Vp 
(3) = 278 +2 cot 205 Wt IE co5 20 ——. 


If equations (104) be differentiated and use be made of equation (1) and 
*E, p. 116. 


TE., p. 154. 
tE., p. 153. 
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of the Gauss nant 


0 
= (Se +0) SS + DX, 





sat 
(109) os 
22 "ny 
= 43S + DX, 
we obtain 
ax, D +( m< a log Vp _ ée) y 
st i sins ; 
du jaa” dv u ' 
OX, G Alogvp . =) 
a9) Ov “se. aa = ( E du ell v Ass 
110 
aX, _  -D y (es ‘ -*)x 
du 2Esinw 6 a a] 
oD" yy ( {Pav is 9g 9) 3 
"siden Edy 220 - oo 


The conditions of integrability of these equations are satisfied in consequence 
of the Gauss and Codazzi equationst which in the present case can be given 
the form 


DD” 1 G) 22 oy 2 log *) 
VEG sin 20 Gan 20 dv 


(111) 
2 (Ss » # og %o ) 
t ou Ce “ 
and 
aD. dalogvp E dlogyp _ , E 1 0 a 
+ (SED +(5 Ov : tame)? silts 
-_ L log V G dlogv ¢ 
OD” | Alogvp,,, , (G Alogvo_ , [G@ 1 dw\, _ 
ou * Ou D +(§ du ooo) D =o. 


We introduce three functions a, b, w by means of equations of the form 
1 
(113) %—- Fz = (aki + bX. + wx ), 


where 2;, y1, 2: are the cartesian codrdinates of a surface S, in the relation 
of a transformation K with S and X is the corresponding function defined by 


4 E., p. 154. 
t E., p. 155. 
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equations (8). In consequence of (113), the fundamental equations (10) 
can be written 


0 06 
= =f] (asta cos w VE) Xi 


006 ; 00 | 
+ (0% - 6X sin w VE) X: 4- w5X|, 


(114) 


re) 00 
di - S| (a5. + 0 cos w VG) Xv 


00 ‘ ok ue 06 
+ (032 4 on sino) X + w 5X |. 


When the expression (113) for 2; is substituted in these equations, we obtain 
two equations of the form 


A, X,+B,X2+ CX =0, A, Xi + B.X¥2+C.X =0, 


where A,;, Bi, ---, C2 are determinate functions which must be zero, since 
these equations are satisfied also by the Y’s and Z’s. This gives the following 
six equations of condition: 


- i 8 log Vp 
28 _ (69 — n) VE cos w +(e 2 ms P sin 20 — $2) 





dv Ou 
wD 
2VE cos w 
da _ 3 m A log vp 5, — 
oo = — (60 +0) VG cos w — > sin 20 — 5° ) 
wD” 
2G cos w 
=) ob _ a 22 ) dw 
(115) = — (pf =r) VE sin w ~ a( Ga sin 2u ~ 5° ) 
a 
2VE sin w’ 
db _ = G dlogyp . dw 
i — (08 +2) NG sin w + a > 6 sin 2u — 5° ) 
wD" 
*iGune’ 


dw S=SClUiaiD ( aq >) dw Dd” ( a b 
duis BW \cosw sinw/)’ dv ©. 2NG sictae): 
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With the aid of equations (8), (107), (111), and (112) it can be shown that 
the conditions of integrability of these equations are satisfied. 
If we put for the sake of brevity 


(116) P=ac+P4+w’, 
it follows from (115) that 


73% = (p0 — d) VE(a cos w — bsin w), 
(117) 
oT ma , 
T.. = —(p0+2)VG(acoswt+bsinw). 


If X’, Y’, Z’ denote the direction-cosines of the normal to S,, we have 
from (114), 


nn 2 , 00 7 98 4 
AX’ = — wsin o( WE ap + ~G xn) x 
00 00 
oe an i oe eh ae 7 
+ wos o( VES + G5.) x 
(118) 00 00 
+ x| a sin o( WE +165") 
Ov Ou 


—00 -— ; 
+ b cos w (ve! -— vas.) + Or VEG sin 2 |, 
Ov Ou 
where A? is equal to the sum of the squares of the coefficients of X,, X2,and X. 


9. WueN S AnD S,; ENVELOP A TWO-PARAMETER FAMILY OF SPHERES. 
TRANSFORMATIONS D,, OF AN ISOTHERMIC SURFACE 


As an example of the foregoing method we consider the case where S and S; 
constitute the envelope of a two parameter family of spheres. In this case 
we must have 


RA 
: +. 


1-t = 


r r RA , y 
x’ ~ ZX), n-th = £), 


RA . 
2-2 = (4 —Z), 


(119) 


where RA/) is the radius of the spheres. 
When the expressions for 2; and X’ given by (113) and (118) are substi- 
tuted in the first of equations (119), and the coefficients of X,, X2, and X on 
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the two sides of the resulting identity are equated, we get 


ss po? a x) 
a= —wsinw R( VE ap + WG au)? 
— 06 — 00 
b = — w cos wR( WES - vas.) 
(120) y - 
— — 06 — 00 - 00 
i a r. in ae, . ee gee 
w= | « sin w (ve ap + WwG a) + b cos w (VE ap v( ee) 


+ OA VEG sin 20 — a | R. 
By means of the first two of these equations the last is equivalent to 
(121) a? + b? + w? = Rw(Od VEG sin 2w — A). 


In consequence of the first two of equations (120) equation (118) can be 
written 





7 ‘ a. b [a+ 2 a 

99 eed an PES nai alee MC sc 9 
(122 AX R Xi+ R Xo—X | Rw 0X VEG sin 20 | ' 
whence it follows that 

9 2%, (“ +O on VEG sin? ) 
(123) A R + R Rw OX VEG sin 2w } . 


Eliminating A from (121) and (123), on obtain 
(124) a? + b? + w? = 2w0d VEG sin 2w R, 
and consequently from (121) and (124) we have 
(125) A = — OA VEG sin 2w. 


By means of (120), (121), (125) we obtain the following equations: 


— — 06 T? 00 
DD) 208 w — Asi = — wsin 2a VEG - cab aan ‘ 
VE (a cos w — b sin w) w sin 2w VEC au R 50. du? 
wn 00 T? 00 
iG ; 3] =_l +] 9 EG » =_lc — 
VG (a cos w + b sin w) w sin 2w VEC Pa R 0d dv’ 


With the aid of these expressions and (8) equations (117) are reducible to 
0 log T°? 1 p\00e a 
Ou = (5-2) 5e = jylos(n0), 


0 log T° 1 p\0e 2@ 
lla (j +2) 5, = 5 08 (9). 
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Hence on integration we have 
(127) T? = 2ch0, 


where c denotes an arbitrary constant. 
Substituting in (126) the value (127) of 7?, we get 


06 
Ou’ 


VG(acosw+bsinw) = — os. 


VE(acos w — bsinw) = —c 
(128) 


If these equations be differentiated with respect to v and wu respectively, and 
in the reduction use be made of the preceding equations, we find 


(X + p0) VGcos2w0=0, (A— pO) VE cos 2w = 0. 


Hence we must have 2w = 7/2, that is, the parametric curves are the lines of 
curvature. From (107) it follows that 


(129) VE=V/vp, VG@=U/%, 


where U and V are functions of u and v alone respectively, and consequently 
S is an isothermic surface. As the relation between S and 8S, is reciprocal, 
it follows that S; also is isothermic. We shall show that there exist pairs of 
isothermic surfaces satisfying these equations. 

Suppose that S is an isothermic surface. The parameters of its lines of 
curvature can be chosen so that 


(130) VE = VG =1/vp = e*, 
where ¢ is a function thus defined. Now in the above equations 
sin w = cos w = 1/12, D = é&*/p., D” = e**/pe, 


where p; and p» are the principal radii of curvature of S. If we put 





—b 
(131) a="=", p-ct’, c=-e, 


and replace @ and \ by m@ and m), which evidently is consistent with equations 
(8), equations (115), (128), and (8) are equivalent to 


0¢ we? Oa 0g 
Se we ’ +p 22 Se a De 
mde*® + me~* 0 ap Bo+ a’ re Ba ; 
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0B o¢ OB _ ° - a6 we® 
ju Op? ap = mae — me ia? ae 
(132) 
dw _ et ow get 
du epi’ dv p2’ 
00 06 Or Or 
a é SF ue co ae’ 
att? 6B 6 OCF “ss ote. 
Furthermore equation (127) becomes 
(133) a + B? + w? + 200m = 0. 


It is readily shown that the first derivatives of the left hand member of equa- 
tion (133) are zero, and consequently by choosing the initial values properly 
we can find solutions of equations (132) satisfying (133). It should be men- 
tioned that all the conditions of integrability of (132) are easily shown to be 
satisfied. 

If in the subsequent discussion X,, ¥;, Z; and X2, Y2, Ze denote the 
direction-cosines of the tangents to the curves » = const. and u = const. 
respectively, it is necessary and sufficient to replace X, and X, in the fore- 
going formulas by (X, + X2)/v2 and (— X;+ X2)/2 respectively, as 
is evident from (104). 

With these changes equations (113) and (114) become 


1 
(134) % — x => (aX + BX: + wX) 
and ; 

re) . r a 

= = FI (a" + 0m) Xi + aBX2 + awX], 
(135) 

02; e? 


=" — 2, | eB + (6 + Om) X2 + PwX]. 


From these equations we have for the fundamental coefficients E,, Fi, G1, 
of the surface S; the expressions 
e726 62 
(136) FE, = G, = 2 =) F,=0, 
which proves that S, also is isothermic. 
For this case the direction-cosines X’, Y’, Z’ of the — to S,, as given 
for the general case by (118), are of the form 


(137) X'= (w? + 0Am)X + awX, + BwX2]). 


‘aw 
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With the aid of this expression equation (134) may be written 
- Ps 

(138) a+—-X’ =2+-X, 
w w 


which shows that @/w is the radius of the sphere tangent to S and S,. 

However, equations (132)—(138) are equivalent to those found by entirely 
different processes by Darboux* for the transformation of isothermic surfaces 
which he discovered and to which Bianchi has given the name transformations 
Dus 

In consequence of the foregoing results we have 

THEOREM 14. If two surfaces S and S, in the relation of a transformation K 
constitute the envelope of a two-parameter family of spheres, the surfaces are 
isothermic and S, 1s obtained from S by a transformation Dy. 

In accordance with (136) we define a function ¢; by 


e*° 6 


(139) c= 


If X,, Y,, Z; and X;, Y;, Z, denote the direction-cosines of the tangents to 
the parametric curves on S;, it follows from (135) and (137) that 


, 1 . . " 
X, = —Fygl (oe? + Om) Xi + oBX2 + aw], 
(140) ; 
XxX; = m0 aBX, +( 6? + 0m) X. + BwX]. 


On replacing X; and Xz in (105) and (110) by (X: + X2)/ V2 and 
(— X, + X2)/ V2 respectively, we have the first derivatives of X , X,, and 
X.,. With the aid of these formulas we obtain from (140) 


OX’ e® w 
5d ee rr 
[<4 0.6 Ge ) |x. 


“Ou 

(141) ar’ P 
oA et oe a —$ rr 
ap [+ FO + Oe ) |x. 


From these expressions and (135) it follows that the principal radii p; and p; 
of S; are given by 

e* ee w 

_ =_— — oom - so 

Pp, [<4 500 Ge )|, 
(142) 
ef = |< path 6 + 4H +) | 

\uw-”™6h OS 


* Loc. cit., p. 502. 
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10. THEOREM OF PERMUTABILITY OF TRANSFORMATIONS D,, 


In this section we apply the results of §3 to an immediate proof of 
the theorem of permutability of transformations D,, which Bianchi* estab- 
lished at length by direct processes. We are thus able to appreciate the 
underlying reason for the existence of this theorem. 

In the first place we seek solutions a;, 8, w,, 6;, 4; of equations for S; 
analogous to (132) and (133), it being understood that two sets of solutions 
of the latter equations are known, which we denote by a;, 6;, w;, 0;, d; for 
i =1,2. The functions 6; and \; are given by equations (27) and (36). 
Hence if a; and 8; are to satisfy 


9 06; hi e? 4; ’ 06, ee 6; , 
(143) au = €¢ Qa =-- v Qi; av _ By ; 
we must have 

P a p 
a= FH +O)+a2, Bi = 50 + 2) — Be, 


(144) r 
Ai = 5 (Oi + 02) — de. 

1 
These values of a, and 8; satisfy identically the equations 


F da; —" O¢1 0B, a 0¢1 
(145) dv Bi Ou ’ du ™ av’ 


and when substituted in 


da, _ Ogi ,e* 
= "y\’ oor om’ o~¢1 d 
=—mrj, e m; e~*! 6; wi 
Ou 1 1 + 1 1 Ov 8; + i Pp ’ 
0B; , v si = @, O¢1 , 4 ,e* 
=—m e' — me _ a w= 
av 1 1 1 1 Ou 1 1 p> ’ 


and use is made of the foregoing equations, we get 


Pie 


ot lne *_ jh, ce?) B+ e* (m%* + mie?) 
1 
, Ae 02 
= —$ —_ a= = 
A1¢ (mi + mf! ) 0, 
6. 
Air +(he® + hi e*)B = ret (mo? +mif) 


0 
- a+ ( mi%* + maf) =(@, 


* Loc. cit., pp. 109-125. 








’ 
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where 
A=wi — 5, (81 + 02) + ws, 
(146) ; , 
B = 5, | (0 + 02) (m, — m1) — x (a1 a2 + Bi Be +n) |. 


If we put m; = m, these equations become 

or C 1 C 
(147) AG+2(He*—Met)=0, AT+e(He*+me*) =O, 

Pi A; P2 6; 
where 

, 1 
C - (6; + 62) (me = my ) = x, (1 a2 + By Bo + Wi We ) 
1 
(148) a 
=< (de + A1 42). 
1 


Equations (147) are satisfied when A = C=0. From these equations 
and (144), we have 














, [ & 
—-a=KkK ox, (ms - ms) oe | , 
» | ® Br 7 
B, =k $8 + (m — m2) Bs | , 
‘ TB; w q 
(149) w,=K 1 5, * +(m — ma) Wa . 
P | & 
\, =k a tm om ms) |, 
| 1 
; TD, 1 
G, = a] 5, Hats — 0% ’ oe oe oe 
where we have put 
(150) D, = a1 a2 + Bi Bo + V1 V2 + Me (Ae A + A Oe). 


It is readily shown that these values of @; and w, satisfy equations (143) 
and also 
Ow, ,e* dw, e*! 


a” av — as 


and consequently the functions (149) satisfy all the conditions necessary to 
the problem. Hence we have established with Bianchi 

TuHeoreM 15. If S is an isothermic surface, and two isothermic surfaces 
S, and S2 are obtained from S by transformations Dn; and Dmy2z, there exists a 
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transformation D),. of S; into a surface S’ which can be obtained from Sz also by 
a transformation D;,,; moreover, S’ can be found without quadratures. 

When S is isothermic, the associate surface defined by equations (11) is 
the Christoffel transform. Hence, as an immediate consequence of Theorem 5, 
we have that transformations D,, are commutative with transformations of 
Christoffel, a result which Bianchi established by direct calculation. 


11. CoNGRUENCES (G) WITH MORE THAN ONE PAIR OF SURFACES IN THE 
RELATION OF A TRANSFORMATION K 


In this section we consider the consistency of equations (13) and (18). 
We write the former in the form of the second of equations (15) and express 
the condition of integrability. This gives 





OM k 0 log k 3Mk 
5 Re ee 2 : 
where k_,, given by 
0 log k 
9 : = [-_— _ - 
(152) ky =2k—h du dv” 


is an invariant of the point equation of the second focal surface of tangents 
to the curves u = const. on So. 
The condition of integrability of (151) and of the first of (15) can be reduced 


to 
0 h ok Ok_y 

(153) N* ha log Et (CH - ka ) +3N(MN —k)(k1—h) =0. 

Hence the necessary and sufficient condition that (151) and (15) be consistent 

identically is that 

(154) ky =h=(e+1)k, 


where ¢ denotes an arbitrary constant. In this case it follows from (152) 
and (154) that 
0 log k 


(155) dudo. + 2ck = 0. 


When c = 0, we have 
(156) h=k=UV, 


where U and V are arbitrary functions of u and » respectively. Whence + 0, 
the general integral of (155) is 

_ Oi V’ 
~e(1+ UV)” 
U and V being arbitrary functions of u and » respectively and a prime indi- 
cating differentiation with respect to the argument. 


(157) k h=(ce+1)k, 








| 
| 
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When c = — 1, h = 0 and it is readily shown that in this case S and S, 
coincide. Consequently we exclude this value. 

If we take the expressions (156) or (157) for h and k, and determine a and b 
in accordance with (14’) two arbitrary functions are introduced. Then each 
of the functions M and N as determined by equations (15), (18), and (151) 
involves an arbitrary constant, and ¢ and o; are found by quadratures. In 
view of these results we have 

TuHeoreM 16. Whenever the point equation of a surface So has invariants 
of the form (156) or (157), there exist on the tangents to the curves v = const. of So 
an infinity of pairs of points which generate pairs of surfaces in the relations 
of transformations K; the same is true of the tangents to the curves u = const. of 
So,uhkh=k= UV. 

Returning to the case when equation (153) is not satisfied identically, we 
differentiate this equation respectively with respect to u and v, and replace 
the derivatives of M and N by their expressions from (15), (18), and (151). 
By means of (153) the two resulting equations are reducible to the forms 


(158) PN? +Q=0, RN? +S =0, 


where P, Q, R, S are determinate functions involving h, k, k_, and their 
derivatives. When we express the conditions that these equations be con- 
sistent, and that the expressions for N thus given and of M from (153) shall 
satisfy equations (15), (18), (151), we obtain the equations for h and k which 
determine the surfaces So. We are not interested in these equations but in 
the fact that from the form of equations (158) and (16) it follows that there is 
only one pair of surfaces S and 8S; associated with the given congruence. 
Hence we have 

TuHeorEM 17. If a congruence (G) possesses more than one pair of points 
which generate surfaces in the relation of a transformation K , it possesses an in- 
finity of such pairs. 

PRINCETON UNIVERSITY, 

April 14, 1914. 














PROOF OF THE FINITENESS OF THE MODULAR COVARIANTS OF 
A SYSTEM OF BINARY FORMS AND COGREDIENT POINTS* 


BY 


FORBES BAGLEY WILEY 


INTRODUCTION 


1. Relation to the literature. The question of the finiteness of the modular 
covariants of a system of forms and cogredient points is one that arises natur- 
ally at this time in view of the fact that the modular covariants of a system 
of forms and no cogredient points have been shown recently to be finite,t 
where the term finite has the customary meaning attached to it in covariant 
theory, and still more recently a fundamental system of modular covariants 
for two cogredient binary points and no forms has been found.{ 

The present paper is limited to the binary case, although the writer has 
made considerable advance in the case of ternary forms and one cogredient 
point. 


2. Definitions. Let f,, ---, f: be any system of forms (homogeneous 
polynomials) in the arbitrary variables 291, 292 with undetermined integral 
coefficients taken modulo p, where p is any prime. Let ¢, c2, --- denote 


the coefficients arranged in any order. Under the transformation 
2 

To: tor = 2 biz 20; (mod p) (i =1, 2) 
j=1 


with integral coefficients, let f; become the form f, and let c,, c,, --- denote 
the coefficients of f;, ---, f; corresponding in position to ¢1, ¢2, «++, re- 
spectively. Let (a1, 22), k =1, ---, mn, be transformed cogrediently 
with 21, %o2, that is by the transformation 


Tx: tee = Do ti; Viz (mod p) (¢=1,2;k=1,---,n). 
j=l 


A rational integral function 


K (¢1, ¢2, ***5 Lor, Tir, *** » Uni; Vo2, 12, “++, Ino) 





* Presented to the Society (Providence), September 8, 1914. 

{ Dickson, these Transactions, vol. 14 (1913), pp. 299-305. 

t Krathwohl, American Journal of Mathematics, October, 1914. 
Trans. Am. Math. Soc. 29 431 
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with integral coefficients taken modulo p is called a modular covariant of the 
points (a1, 2%2), k =1,-+--,m, and the forms fi, ---,f; if, for every 
transformation 7, (k =0,1,---,n), 


, , , , , , , , 
K (e; 5 Cys °°°S Sons Zins °° » Laid Legs Liss °°* » Las) 
=|ti;|" K(e1, ec, ***5 Lor, Tir, *** » Uni; Vor, TMi2, -++, One) (mod p) 


holds identically in ¢,, ¢., +++} Xay ** +» Vad Vay ty Vey after My, Bary 
Xo, ***, ne are eliminated by means of the congruences 7, (k = 0, --+, 7) 
and c,, ¢,, *+* are replaced by their expressions in terms of ¢,, ¢2, ---. The 
exponent y is called the index of K. 

In this paper we establish the 

THEOREM. The set of all modular covariants of any system of forms in 21, Xo 
and the cogredient points (2x1, 22), k = 1, +++, n, ts finite in the sense that 
they are all rational integral functions, with integral coefficients taken modulo p, 
of a finite number of covariants of the set. 

Professor Dickson has obtained the special case of this theorem where there 
is a system of forms but no cogredient points.* We extend his method of 
proof to secure the proof of the theorem as above stated. 

3. Method of proof. In bare outline the proof of the theorem consists of 
two parts. First it is shown that for any modular covariant K, of the forms 
and the points there exists a modular covariant K, that has the same leader 
(defined in § 6) and the same index as K;, has and that is a polynomial in 
covariants from a definite finite set S of modular covariants of the forms and 
the points. By taking the difference of K; and K; we obtain a new covariant 
K, for which we can build up K, by the same method as that used on K, and 
by the use of the same set S. The second part of the proof consists in showing 
that the repetition of this process a finite number of times on any given co- 
variant K, leads to a covariant K,, where K,, is such that K, — K;, = 0. 
Thus it follows that K, = D{=" K; and therefore is expressible as a poly- 
nomial in covariants from the set S. 

To carry out this method in detail we establish in § 4 a lemma which is an 
extension of the lemmaft used by Professor Dickson in the case he considered. 
In § 5 we prove the theorem for n not greater than 1 and in § 6 we give the 
proof where n is any finite positive integer, including the value n = 0. 


* Dickson, loc. cit. Professor Dickson secures his theorem for forms in any finite number 


of variables. 
+t Dickson, American Journal of Mathematics, vol. 35 (1913), pp. 414- 


415. 
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FINITENESS OF THE MopvuLarR CovVARIANTS 
4. Lemma. Any set S of functions of the type 
(1) F =2,°a2})--+ x" (e’s integers =0; eo 2e1, +++, Co Den) 


contains a finite number of functions F,, «++, F, such that each function F of 
the set S can be expressed as a product F;f where f is of the form (1), with the 
same property of the exponents, but is not necessarily in the set S. 

For the moment designate the possible relations 


6 — @y1=0, ei — Ci41 < 0 (t=1, +++, n) 


between the exponents of F as decreases and increases, respectively. Since 
the e’s of F occur in a definite order, indicated in (1), the order in which 
the increases and decreases of a given F occur is unique. The functions 
F of S can be classified into sets S; (j = 1, ---,#;¢2m!) such that func- 
tions from no two sets will have their increases and decreases occurring in the 
same order, while the increases and decreases of functions in the same set 
occur in the same order. 

Let S;, be one of the sets S;, say the one in which there are no increases. 
It is evident that the functions of any set S; can be written in the form of the 
functions of S; by a substitution which amounts to a rearrangement of the 
x’s. Write the functions F™ of S, in the form 


n j C3 E41 
[| {1=.| (ens: = 0). 
j=0 Li=0 
Make the substitutions 
J 
(2) Ile=y, G-en=6 (J = 1, +++, m) 
i=0 
on the variables and the exponents of F™, respectively. We thus have a 
set S; of functions 


o™ = II yi? (és integers =0). 
j=0 
There exists* a finite number of functions ¢ (i =1,---,h) belonging 
to the set S, such that any function ¢™ of the set S;, may be written 
do = of, 
where 
(3) f = II y? (a’s integers = 0) 
j=0 


and 2 has some one of the values 1, ---,h. Transforming (3) by the inverse 


* See reference last cited; also Gordan,» Journal de Mathématiques, ser. 5, 
vol. 6 (1900), pp. 141-149. 
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of (2;), we have 
f= 2 ° 
j=0 


The lemma thus holds for the set S; and similarly for each one of the ¢ sets S;; 
hence it holds for the set S. 

5. One cogredient point. We make use of the known* rational integral 
modular covariants 


LD; = 21 ti — Xi 22 (¢=0, 1), 


ei tig — Vi V7} . 
Qi = a Sat = ott? + 22() (¢=0, 1), 
+ 








M =2%u 22 — %2 2. 


The covariants LZ; and M have the index — 1, while the Q; are absolute.f 

As any covariant is the sum of covariants that are homogeneous in each 
pair of variables separately, it is sufficient for us to consider covariants of 
the type K (201, 202, X11, 212) of total degree wo in Xo1, 22 and of total degree 
@; in 711, Zw. If one of the w’s is zero, we have the case which Professor 
Dickson considered. 

We shall call such a covariant K a regular covariant of the forms and the 
cogredient point if it has neither of the 22 (¢ = 1,2) as a factor, while we 
shall call it irregular if it has either one of these variables as a factor or both 
as factors. Any irregular covariant is the product of Lj Li (s,t = 0,1, ---; 
s and ¢ not both zero) by a regular covariant, sincet any covariant that has 
the factor x2 has the factor L;. We need, therefore, to consider only regular 
covariants. 

Let K be such a covariant and let it be of total degree w; in the two variables 
Zin, tig (1 = 0,1). We write K in the form 


(4) K = rei > S; rer ai, + xi2() (w Sony t,k=0,1;i +k), 
j=0 

where at least one S; is not zero. We rewrite (4) in the notation 

(5) K = Sri ¢prg+--+ (S=S, A=, B+C =a), 


where B is the highest exponent which 2; carries in a term containing 2%, . 
Denote the set of all regular covariants (5) with a fixed leader S and 


Az=a, Bz=b, Cee (mod P) (P=p-p), 


* Dickson, The Madison Colloquium Lectures on Mathematics, pp. 35, 37. M is an algebraic 
covariant. 

+ Of index » = 0. 

t Dickson, The Madison Colloquium Lectures, p. 35. 














1914] F. B. WILEY: FINITENESS OF MODULAR COVARIANTS 435 


where each of the numbers a, b,c is at least zero and is less than P, by 
[S,a,6,c];. The number of such sets is finite since a, b, c are limited in 
value and the number of seminvariant leaders S is finite. These leaders are 
finite because each S is a polynomial in the coefficients ¢; of the forms and thus 
all exponents can be reduced to p — 1 or less by use of Fermat’s theorem. 
All covariants belonging to the same set S have the same index u. By means 
of the Lemma (§ 4), we may select from the set [S, a, 6, c] a finite number 
t of covariants 


(6) K,, = Sadt xPn x +--+ +29() (h=1, +++, ¢t), 
such that for any covariant (5) of the set [S, a, b, c] it is true that 
Az As; Bk im; Czy, A—-A,=C-C, 
(for some value S t of h). 


But A and A, (and likewise for B and B,, C and C,) are congruent to a 
modulo P; thus any covariant of the set [S, a, 6, c] has the form 


K = SajyAt*? ayy? t? ay t’? + --- (u=w), 


where wu, v, w are positive integers or zero and h is some one of the integers 
©. einai 

From the absolute covariants Q;, Q;, M”, and the covariant K,, we con- 
struct a covariant of the same index as K and having the same initial term as 
K, and see that the difference 


K’ oe K a. K, Q;-" Qi: M’? + a ate 


will be a covariant either irregular or with the leader 

8S’ zt et (ASB +C’, B<B,C’>C). 
If K’ is an irregular covariant, take out the factors L; that occur and call 
the quotient K”’. If K’ is regular, call it K’’. Hence 


K = ¥i (li, Le, Qi, Qe, M, Bs, ”), 


where y; is a polynomial in its arguments. 

Arrange K” in the form (6) and repeat for it the reduction process used 
on the regular covariant K. Whenever the exponent B in one of the regular 
covariants, say K, is zero, the next step in the process gives an irregular 
covariant with the factor x2, thus allowing a reduction of the degree in 2; 
and 2,2 by the removal of the factor L;. If we let K, (h =1,---,7) serve 
for all sets [S, a,b,c] as K, (h =1, ---,¢) served for the particular one, 
we see that every covariant K may be expressed as 


K = Ym (Ki, cons ys Ty, Iz, Q1, Q., M), 
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where WY» is a polynomial in its arguments and is linear in the Ki, ---, K,. 
6. Case of n cogredient points. We use the L; and the Q; of § 5 withi = 1, 
-++,m. In addition to these we use the known modular covariants 


Mik,n = ithe —Xi2th (i,k =0, +++, n;i $k). 


As in § 5 so here also we need consider only those covariants of the forms 
fi, +++,f: and the cogredient points (21, %2), k =1,-+--,n, which are 
homogeneous in each pair of variables separately. 

We shall call such a covariant a regular covariant if it has none of the 
tig (i = 0,-++,m) as factors, while we shall call it irregular if it has one or 
more such factors. Since any irregular covariant is the product of 


IIL (s; = 0, 1, -+-; at least one s; + 0) 
i=0 
and a regular covariant, we need to consider only regular covariants. 

Let K be such a covariant and let w; be the order of K ina, 22. Each 2 
will occur in at least one term of K with an exponent equal to the order @;. 
There exists some w;, say wo for convenience in notation,* such that wo = a; 
(j = 1;+--,n). Write K with those terms leading that contain the factor 
x*°, the order of these terms being such that the sums of the exponents of 
the factors 2, in them occur in the order of the decreasing natural numbers. 
The order among themselves of those terms for which such sums are equal 
is arbitrary. Denote the first term of K so written as the leader. By the 
help of zero exponents where necessary, write the leader of K so that every 
variable except 292 appears in it notationally as a factor. Arrange these 
factors in the ascending order of their subscripts so that we have 


(7) K = Ses] 2% +--- (Ao = wo, Ai + Bi = wi, wo Zw). 
i=0 j=l 
Denote by 
(8) [S, ao, a1, -++, dn; by, be, -++, dn] 


the set of all covariants (7) with a given seminvariant leader S and with 
A; =4;, B;=b; (mod X); X = p""(p—-1), 
where each a; and each J; is at least zero and less than X. The number of 


sets (8) is finite. All covariants (7) belonging to the same set (8) have the 
same index u. By the Lemma (§ 4), there exists a finite number of covariants 


(9) K, = SII x4# TI 2% +--- (h =1, +++, t) 
j=1 


1=0 


. belonging to the set (8) such that the leader of any covariant (7) that belongs 


* It is only slightly more cumbersome to carry the argument through for w,. 
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to set (8) can be expressed as the product of the leader of some covariant of 
(9) by f, where f is of the form (7), with the same property of the exponents, 
but has no factor S. Thus we may write 


n n 
(10) K = S II xy 4ete* II 2 jqh at esx +} . 
i=0 j=l 
Therefore 
n n Ps 
f =( IIe ee) 
{=0 j=l 
(do = 415 °°*, Goa Gn; Vom Gs °°*s C=, )- 


By the aid of zero exponents where necessary, let each variable except 22 
appear notationally as a factor inf. Arrange the factors 2,2 of f in the order 
of decreasing exponents. The order among themselves of those factors 2,2 
whose exponents are equal is arbitrary. Arrange the 2; factors in the same 
order as their corresponding xj. ’s. Write f thus arranged in the notation 


n n xX 
G q’ 

f =( 2h | xin I n'y ) ; 
jar iL Gy? 


This may be written 


n 


qo—q’ G q’ —gq’ q’ —g’ 
f = E Thy I | xin (201 Xhy2 ) Tht he (X01 Thy2 Thee ) The? hg 


i=1 


(11) 


x 
e+ (201 +++ Wa, i2) Marin (ato + 22)" | ; 


We now build up the absolute covariants 


h, 
P,=Q—" [] Mivs+.-- (1=r=n), 


k=h, 
which we may write in the form 


h, x 

P, = [zo TT 2. oe, 
k=h, 

From the absolute covariants Qo, Q,,, P-, and the covariant K;, which is 

one of the covariants (9), we construct a covariant of the same index as K 

and having the same initial term as K so that it follows that the difference 


n n 


td] , , (ao—a’ — anal , = 
K = K = Ki, Qs” vm TT Qt “Tl P hj T hy (Ganer = 0) 


i=1 ral 


will be a covariant either irregular or with a leader that can be written in 
the form (10). If K’ is irregular, take out the factors L; that occur and 
call the quotient K’’. If K’ is regular, call it K’. Thus we have 


K =v(h, ---,2,,Q1, -*+, Qn, thy Pi, +++, Pr) 
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where hf is one of the values 1, --- , ¢ and W is a polynomial in its arguments. 
Arrange K” in the form (10) and subject it to the reduction process used on 
the regular covariant K, thus obtaining a regular covariant K“Y. After a 
finite number of repetitions of this process, we obtain either an irregular 
covariant or a regular one, say K™ , for which the sum of the exponents of 
the factors 2; (¢ = 1, --+,) in its leader is less than the like sum for the 
leader of K. After repeating the process a finite number of times from this 
point, we obtain either an irregular covariant or one, say K , for which the 
sum of the exponents of the z;, (¢ = 1,---,n) factors is zero. The next 
repetition of the reduction process reduces the exponent of 29; and gives an 
irregular covariant with the factor Ly which, when removed, still further 
reduces the degree of 291. 

If we let K, (h = 1, --+,7) serve for all sets (8) as K, (h = 1, ---,#) 
served for one of them, we see that any covariant of the binary forms jf), --- , fi 
and the n cogredient points is a polynomial in Kj, ---, K,; Ii, +--+, In; 
Q1,-*+, Qn; Pi, «++, Pa, linear in Ky, ---, K,. 

The covariants P, are polynomials in Q» and Mox,,. It is of interest to 
note that by means of the recursion formula 


Mor, n = Qh” Mok, n—-1 — LiP-??"* Mow, n—2 (n>1), 


we are able to express any Mo, , as a rational integral function of Mox, 1, 

Mox. 0, Qe, and Ly, linear in the Moz,1, Mox,o. It follows that any co- 

variant K of the binary forms and the n points may be written as a poly- 

nomial in K,, ---, K,; Li, «++, Dn; Qi, +++, Qn3 Moi, 1, -++, Mon, 1; Mai, 0, 
» Mon, o, linear in the K,, ---, K,. 

















ON THE DEGREE OF CONVERGENCE OF STURM-LIOUVILLE SERIES* 
BY 


DUNHAM JACKSON 


After the degree of convergence of Fourier’s series has been studied to a 
certain extent, as has been done by various authors, including the present 
writer, it is natural to inquire whether the results obtained are capable of 
extension to other series of characteristic solutions of homogeneous linear 
differential equations. A theorem in this connection has already been pub- 
lished by Tamarkine.+ It is the purpose of the present paper to develop a 
greater variety of facts relating to a much less general differential equation 
than that which Tamarkine treats. In discussing expansion problems con- 
nected with an equation of the second order, Kneser,t following Liouville,§ 
establishes relations from which it is at once apparent that the theorem of 
Lebesgue,|| which states that the remainder after n terms in the Fourier’s 
series for a function satisfying a Lipschitz condition does not exceed a constant 
multiple of (log n)/n, applies equally well to the development of such a 
function in Sturm-Liouville series of the form under consideration. It is to 
be shown how these relations can be refined so as to make it possible to carry 
over other theorems of the same nature from the Fourier’s series to the more 
general one. The theorems susceptible of this generalization include that of 
Picard* based on the hypothesis that the function developed has a kth deriva- 


* Presented to the Society, December 30, 1913. 

TRendiconti del Circolo Matematico di Palermo, vol. 34 (1912), 
pp. 345-382; see especially p. 368. In connection with this paper, though not with reference 
to the particular point mentioned here, see also, in the same journal, Birkhoff, vol. 36 (1913), 
pp. 115-126, and Tamarkine, vol. 37 (1914), pp. 376-378. 

tMathematische Annalen, vol. 58 (1904), pp. 81-147; see p. 127. 

§Journal de mathématiques pures et appliquées, vol. 2 (1837), 
pp. 418-436. 

| Bulletin de la société mathématique de France, vol. 38 (1910), 
pp. 184-210; p. 201. 

* Traité d’ Analyse, vol. 1, chapter IX, §12. Picard is not directly concerned with the 
degree of convergence of the series, but nothing more is needed in this case than the formulas 
which he gives for the order of magnitude of the coefficients. The hypothesis concerning the 
function also is not exactly that stated here, but is essentially the same for the purposes of 
the proof. When the Lipschitz condition is used a knowledge of the order of magnitude of 
the coefficients is not enough; see Lebesgue, loc. cit., pp. 192-195. 

{ These Transactions, vol. 13 (1912), pp. 491-515, Theorem V. This paper will 
be referred to as A. 
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a (k —1)th derivative that satisfies a Lipschitz condition. The case of a 
function having a finite second derivative, which was treated by Liouville,* 
is included in that of functions having a first derivative of limited variation. 
The method employed is intimately related with that by which Hornt obtains 
extended asymptotic expressions for solutions of the differential equation. 

For the proofs relating to the higher degrees of convergence, additional 
hypotheses, beyond that of mere continuity, are made concerning the func- 
tions which appear as coefficients in the differential equation, and it is assumed 
that the function developed vanishes with a sufficient number of its derivatives 
at the ends of the interval. The latter requirement may seem unduly restric- 
tive, but an examination of the facts in the simplest case, that of the cosine- 
series, t shows that a limitation of this nature is required for the truth of the 
conclusions, and is not due merely to inadequacy of the method of treatment. 

In the last part of the paper attention is given to the problem of repre- 
senting a function that has a (k — 1)th derivative satisfying a Lipschitz 
condition by means of a linear combination of a finite number of characteristic 
functions, with a higher degree of approximation than that afforded by the 
sum of the corresponding terms in the Sturm-Liouville series itself. Such a 
representation is obtained by summing the series by a method which the 
author had previously applied to Fourier’s series. 


1. PRELIMINARY STATEMENTS 
The differential equation with which we shall deal is the following: 


fU 
(1) ae tle’ —A(x)]U =0. 


Here \ (2) is a function which is assumed at the outset to be continuous, and 
will be subjected to further restrictions as occasion demands, but only when 
such restrictions are explicitly mentioned. The parameter p? is not restricted 
to positive nor even to real values. The familiar transformation$ which 
reduces a more general equation to this form gives so directly the inter- 
pretation of our results with reference to the general equation that it is un- 
necessary to dwell upon the latter. The boundary conditions are 


U’(0) — k’ U(0) = 0, 
U' (4) +H’ U(r) =0, 





*Journal de Mathématiques pures et appliquées, vol. 2 (1837) 
pp. 16-35; see especially the sentence begiuning at the foot’of p. 18. See also Kneser, loc. 
cit., pp. 121-123. 

TMathematische Annalen, vol. 52 (1899), pp. 271-292. 

t It is the cosine-series, rather than the complete Fourier’s series, which is the true proto- 
type of the expansions considered in this article. 

§ See, e. g., Kneser, loc. cit., pp. 116-117. 














1914] OF STURM-LIOUVILLE SERIES 441 


the interval over which the variable z is to range being taken for convenience 
as that from 0 to z. The numbers h’ and H’ are real constants, not restricted 
as to sign; the notation is the classical one. The limiting cases obtained by 
letting one or both of these constants become infinite, that is, by making the 
solution U vanish at one or both ends of the interval, while requiring a dis- 
cussion differing in details from the one that is to be given, offer nothing 
essentially new that is not provided for in the paper of Kneser already cited. 
and will not be treated separately here. 

The following facts concerning the characteristic numbers and solutions of 
the system consisting of the equation (1) and the boundary conditions (2) 
will be assumed as well known. 

There are infinitely many real* values of p? for which the system has a real 
solution not identically zero. Only a finite number of these values can be 
negative, and they have no cluster-point in the finite plane. If p, represents 
the positive square root of the nth of them in algebraic order of magnitude, 
when 7 is large enough so that the corresponding value of p? is positive, then 


(3) Pn =~N+&, 
wheret 


(4) «= 0(=). 


n 


Two linearly independent solutions can not correspond to the same value 
of p’. If the arbitrary constant factor in the nth characteristic solution 
U,, (2) is suitably determined, the solution satisfies the integral equation 


ie hithnwewe mee + f X(t) Un (t) sin pn (x — t) dt, 


n 


when the corresponding value of p* is positive. The maximum value of 
U, (2) in the interval (0, 7) remains finite as n becomes infinite,t so that 
the third as well as the second term on the right-hand side is very small when 
n is very large. 

We shall be interested in the degree of convergence of the series 





(6) 2 On U, (x), 
where 7 

[i 6 (2) Un (a) dz 
(7) Om, = — ; 


fea Pae 


* The fact that there are no complex characteristic values will not be used explicitly. 

7 This notation means that the absolute value of e, does not exceed a constant multiple 
of 1/n. 

t This is readily deduced from (5) itself. 
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and ¢(2) is a continuous function on which further restrictions will be 
imposed later. It will be assumed as known* that if this series converges 
uniformly, its value must necessarily be ¢ (2). 

With this review of facts that are presupposed,t we go on to the detailed 
discussion of the problem in hand. 


2. DEGREE OF CONVERGENCE OF THE SERIES 
The study of the degree of convergence of the series (6) involves an exami- 
nation of the integral 


(8) [6 (2) Un(2)ae, 


which appears in the numerator of the expression (7) for the general coefficient. 
In evaluating this integral approximately, use will be made of the formula 
(5) for U, (x); but this identity will be written at greater length by substi- 
tuting the whole right-hand side for the function U,, under the sign of inte- 
gration, and repeating this process a number of times. It will be well to 
anticipate the discussion of the whole integral (8) by three lemmas relating 
to the individual terms that will be obtained. 

Lemma I. Jf @(x) has a continuoust kth derivative of limited variation in 
the interval 0 S x S 7, and if 


(0) = ¢’(0) 


a = ¢* (0) 
(9) 

o(r)=¢'(r)=--- = g*(r)=0, 
then§ 


. 1 
(10) { @(2x)cos p,x dx = 0(am). 


and 


rT . 1 
(11) { $(2x)sin p,x dx = 0( <a). 


Consider first the integral containing cos p,x in the integrand. Since ¢@ 
vanishes at both ends of the interval, integration by parts gives at first 


T 


T 1 : 
f (2) cos p,xrdx = — me %’ (x)sin p,x dx, 
0 ne/Q 


and after a sufficient number of repetitions, 


7 7 . 
(12) { (2x) cos p,x dx = af o” (2) e05 ( par =) dx. 
0 nv0 7 
* See, e. g., Kneser, loc. cit., pp. 109-116, 123-124. 
+ For a concise exposition of the properties of functions of limited variation that will be 
used, see, e. g., E. B. Wilson, Advanced Calculus, pp. 309, 310. 
t The assumption of continuity is not necessary, but is made for the sake of convenience. 
§ Cf. Picard, loc. cit., where the corresponding proof is given for the case of the Fourier’s 
series, 
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As the hypothesis is that ¢“ (2) is of limited variation, let 
(13) o (x) = gi(z) — o2(2), 


where ¢; and ¢2 are positive or zero, continuous, and monotone increasing. 
By the second law of the mean, 


f $” (x) cos (oe +) ax = dtm) f cos ( pax +) de 
0 ™ é ~ 


* ér(m) [cos (oxz + > )ar, 


where £ and 7 are numbers in the interval (0,7). The absolute value of 
the expression just written down does not exceed 


= I di(e) + $2(#)]. 


Since, by (3) and (4), p, is of the same order of magnitude as n, the relation 
(10) follows at once. The proof of (11) is precisely similar. 

If ¢ (0) = 0, it may be assumed that ¢:(0) = ¢2(0) = 0, and that 
the total variation v of ¢ (2) is equal to ¢1(7) + ¢2(7). In this case, 
either of the integrals in the lemma is at most equal to 2v/p**’. It will be 
convenient to use the letter c a number of times as a general notation for a 
positive constant, sometimes one and sometimes another, which is inde- 
pendent of n, 2, and the function ¢, though it may depend, for example, on 
the coefficient \ in the differential equation and on the coefficients h’ and H’ 
in the boundary conditions. With this convention, we may say that if 
o (0) = 0 each of the integrals remains inferior in absolute value to* cv/n**'. 

Another interesting remark of a special nature is that when & = 1 the 
hypothesis (9), reducing here to 


$(0)= (7) =0, 


may be abandoned as far as the relation (10) is concerned. For 


f (2) 0s put de = —[ (2) sin putly — — ff od’ (x) sin ppx dz, 
0 n neo 


and sin p,x vanishes when x = 0, while 
‘ ' 1 
sin paw = + sine, = O[ —- }, 
by (4). 


* This is more precise than the original statement of the lemma, because there it was 
not specified how the constant multiplier implied in the O-notation depends on the function 
¢; here we see that it can be taken proportional to the total variation of ¢. 
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Lemma II. If (2) satisfies the conditions of Lemma I, and if \(2) has a 


continuous (k — 1)th derivative with limited variation* in 0 S x S 7, then 


wT ie 1 
(14) f o(2) ff X(t) 605 pats sin pa (2 — th) dt de = O(a), 


(15) fowf d(t,) sin Pnti sin Pn (x — t, ) dt; dz = 0( ta). 


By inversion of the order of integration the first of these two integrals may 
be given the form 


f  (t,) cos pats | @(2)sin p,(a2 — t,) dxdt. 
0 0 

Let the inner integral here be transformed by integration by parts. The 
function ¢(2) vanishes with its first k — 1 derivatives when x = 7, but of 
course not, in general, whenz = ¢;. At the latter point, the sine of p, (x — t) 
vanishes, while the cosine is equal to 1. Hence 


f (2) sin pp (2 —th)de =—$(t) +— f o’ (2) cos px(x — t,) dx 


1 


n t 


1 1 a ‘ 
= 70 (a) — o” (x)sin p, (x — t) dz, 


and soon. Finally, if we let k = 2y or 2y — 1, according as k is even or odd, 


6 , 1 1 
[° 6(2)sin py (2 — tr) de = <9 (t) — 56"(h) + 
(16) 
et.) i 1 ("ow .* kr d 
+ p.*} g (th) +o q g (x) sin pn(x — ti) +> z. 
By the use of (13) and the second law of the mean, it is seen that the absolute 
value of the last integral does not exceed 


—[oi(r) + 42(m)I, 


whatever the value of t; may be. 

We have now to multiply the several terms of (16) by X(t) cos pat; and 
integrate with respect to t; from 0 to t. The last term, in consequence of 
what we have just seen, will yield a quantity which is in order of magnitude 
O(1/p**'), and therefore 0 (1/n**). 








* The function \ (x) is not subjected to any special restrictions at the ends of the interval. 
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Consider the first term of the integrated expression, 


1 vT 
(17) ~ f Kthe(h) enh. 
n 0 


The function \(t,)¢(t,) has a (k — 1)th derivative which is equal to 
(18) A®Y (41) Oo (tr) +(k — 1) A® (41) 6’ (41) + +s +A(H) OF (1). 


Now ¢*» (t,), having a continuous derivative ¢” (t,), is @ fortiori of 
limited variation, and the same is true of the earlier derivatives of ¢ and of ¢ 
itself. Similarly, the derivatives of \ of orders from 0 to k — 2 are of limited 
variation as well as the (k — 1)th. Consequently the property of limited 
variation is possessed by the whole expression (18). From the corresponding 
expansions of the earlier derivatives of the product A¢ it is seen that each 
vanishes at both ends of the interval (0,7). It is recognized thus that \¢ 
satisfies the conditions imposed on ¢ in Lemma I, except that k& in the lemma 
is to be replaced by k — 1. By that lemma, the integral in (17), without the 
factor 1/p,, is O0(1/n*), and when divided by p, becomes 0 (1/n**'). 
Since \ (t,) ¢’’ (t,) satisfies the conditions of Lemma I with k replaced by 
k — 2, we have 
> 1 
Ai (1) 6” (tr) 608 pats dts = 0 ( <a) 
Pr Jo n 
Each of the remaining terms can be disposed of in a similar manner; at each 
step, from this point on, the number of derivatives of limited variation known 
to be possessed by the integrand is diminished by 2, and this loss is com- 
pensated by the presence of a higher power of 1/p, before the integral. 
It appears then that (14) is true. The proof of (15) obviously follows the 
same lines. 
Let us look again for a moment at the special case that 6 (0) = 0. If» 
still represents the total variation of ¢ (x) in (0, 7), 


|e (x)|S0 


throughout the interval. Hence the total variation of ¢*(a) in the 
interval can not exceed tv. The absolute value of ¢“-» (2) can not exceed 
the same quantity, since 6*~» (0) = 0. In the same way the total variation 
of ¢* (x) and the maximum of its absolute value are less than or equal 
to 7’ v, and so on. 

It is readily found that the total variation of \¢, for example, does not 
exceed v multiplied by a quantity independent of ¢. We can write 


Ad = (Ar — Az) (G1 — G2) = (Ar bi + Ao G2) — (Ar G2 + Az G1), 
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where i, Az, $1, and ¢2 are monotone increasing and continuous, and the 
last two vanish at the point 0. It can be assumed also that \; and dz are 
positive or zero throughout the interval. Then if V is the total variation 
of Ad, 


V Sd1(b) b1(b) + Av (b) b2(b) + Ar (b) 2 (b) + Av (6) di (b) 
S 2[A1(b) + A2(b)] wv. 


By similar reasoning, it is found that the (/ — 1)th derivative of \¢, ex- 
panded as in (18), and the (k — 2)th derivative of \@’’, etc., have the same 
property, namely, that the total variation of each is inferior to v multiplied 
by a quantity independent of ¢. Applying this fact in the preceding proof of 
Lemma II, we conclude that when ¢“ (0) = 0 the statement of the lemma 
can be made more precise by saying that the absolute value of each of the 
two integrals concerned remains inferior to cv/n**. 
Lemma III. Jf ¢ and X satisfy the conditions of Lemma II, then* 


(19) 


foe) [nce sin Pn(x — tr) fd (t)sin Pn(t, — a) f 


I A (ts) COS pnts SiN pn (ts. — t.) dt, dts --- dtydx = O (a) , 
and the same is true if COS ppt, in the innermost integral is replaced by sin pnts. 
The proof is obtained by induction. The statement is already known to be 
true when s = 1, as it reduces then to Lemma II, the variable z taking the 
place of a variable tf). We shall assume that the conclusion holds if s is 
replaced by s — 1, and show then that it holds as stated. The steps in the 
passage from s — 1 to s correspond exactly to those carried out in the proof 
of Lemma II. We begin by inverting the order of integration, confining our 
attention to the integral with cos p, t;. The given expression is equal to 


d (t, ) cos pate A (ts-1) SiN pn (ts-1 — tu) f tee 
0 Se tet 


J h(t) sin pa (tr — te) f o(2)sin p,(a — t,) dx dt, --- dt, dt,. 


The innermost integral here is precisely that which appears in (16). By the 
aid of that formula, we express the (s + 1)-fold integral as the sum of y + 1 
terms, of which the last is immediately seen to be O (1/n**') , while the others 

*In this multiple integral, the notation for which is suggestive rather than complete, 
s — 3 more factors of the form \ (t;) sin pn» (ti-1 — ti) are to be understood. It will be seen 


a few lines below how an integral of this form is obtained as a result of successive substitutions 
in (5). 
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are shown to be 0(1/n**'), or even 0(1/n***), by means of the assumed 
lemma for s-fold integrals, with @ replaced successively by \¢, Ad”, «--, 
\¢o?- . Thus the relation (19) is established, and clearly remains true if 
sin ppt, is written instead of cos ppf,. 

In the special case that ¢ (0) = 0, it is readily shown by the use of the 
corresponding refinement of Lemma II that each of the two integrals in the 
present lemma remains inferior in absolute value to cv/n**'. 

We are now in a position to deal with the integral (8). If, on the right- 
hand side of (5), the function U,(¢) under the integral sign is expressed at 
length by means of (5) itself, the following more extended formula results: 

h’ sin ppx 


U,(2z)= nf 
(2) = cos ppt + ms 


a : 
+—f A(t) COS pnt; Sin py (x — t,) dt, 


h’ x J : 
(20) - <a dX (t1) sin pati sin pp(x — t,) dt, 


1 ae ath 
+5 X(t) sin pa (2 — tr) | d (te) Un (tz) Sin pn (ty — te) dte dy. 


There is still an integral on the right-hand side containing U, under the 
integral sign, and the step just taken can be repeated. This process is to be 
continued until an expression is obtained in which the integral involving U, 
is preceded by a factor 1/ps*', where k is an appropriate integer. Let this 
expression be multiplied by ¢(2) and integrated from 0 to 7 with regard 
to x. The last of the resulting terms will be 0(1/n**'), inasmuch as the 
integral, without the factor 1/p**', remains finite for all values of n. The 
integrals which appear in the earlier terms are explicit expressions of the 
types considered in Lemmas I, II, and III. If @ and X are restricted as in 
those lemmas, each integral, even without the power of 1/p, which stands 
before it, will be O(1/n**!). If X is supposed provided with only k — 2 
continuous derivatives of limited variation, instead of k — 1, so that k is 
to be replaced by k — 1 in applying Lemmas II and III, each term will still 
be 0(1/n**') after the factors 1/p, have been multiplied in. The conclusion 
may be stated thus: 

Lemma IV. [If @ satisfies the conditions of Lemma I, and if X has a con- 
tinuous (k — 2)th derivative of limited variation in 0 S x S w, then 


(21) [7 6(2) Us (2)de = 0( Sa). 


If, in addition, X has a continuous (k — 1)th derivative of limited variation in 
the interval, 


22) [C2 Uala)de = [0 (2) 008 put dz + 0( as): 


Trans. Am. Math. Sec. 30 
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If ¢” (0) = 0, the constant multiplier implied in the O-notation can be 
taken as v, the total variation of 6 (2) , multiplied by a quantity indepen- 
dent* of ¢. 

Let the case k = 1 be brought up again for special consideration at this 
point. The hypothesis for the first part of Lemma IV takes the form that ¢ 
has a continuous first derivative of limited variation and that 


$(0)=¢(r)=0, 


while nothing more than continuity is required of \. The point to be made 
is that in this case the special restriction on ¢ at the ends of the interval is 
unnecessary. Let U,(2) be expanded to five terms as in (20), multiplied 
by (2), and integrated. It has already been pointed out, in connection 
with the proof of Lemma I, that 


| (x)cos p,x dx = O ( =) , 


whether ¢ vanishes at the ends of the interval or not. As for the other terms, 
the application of Lemma II with k = 0 gives all that is required. 

The discussion so far has related to the numerator of the expression (7) 
for a,. For the denominator we need only the simple relation given by 


al 
Liouville :t 


(23) [Uae Par =F + 0(¢). 


The proof is simply this: In consequence of (5), 


J [Un (2) P dx { cos” prx dx + O ( ~) ' 


2 7 sin2p,r 1 
cos” p,t dx = =-+0O0{-}. 
i) dla at a, 2 (3) 


We have the materials now for one theorem on the degree of convergence 


and 


*It is to be noticed that the formulas on which all our demonstrations depend hold only 
for values of n from a certain point on, but it is readily seen that the conclusions are correct 
for all positive values of n. This remark is not trivial in the case of such a proposition as the 
one to which this note is appended. It is asserted, for example, that 


f" o() U, (2) dz 


does not exceed a constant multiple of v; this is true with the hypotheses that are stated, 
since the maximum of |¢| does not exceed a constant multiple of v, but would not generally 
be true otherwise. 

t If this lemma and (20) had not already been written out at length, it would have been 
still simpler to operate with the three-term expression (5) directly. 

t Loe. cit., p. 430. 
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of the series (6). If @ and X satisfy the hypotheses for the first part of Lemma 
IV, it follows from (21) and (23) that 


1 
Qn = 0( <x), 


and as the maximum of | U,,(x)| remains finite when n becomes infinite, 


la, Un(2)|S om. 


where @ is independent of n and x. It follows that the series }‘a, U, (2x) 
converges uniformly,* in which case, as has already been stated, it must 
converge to the value (2). If we set 


on(2) = Daw U, (2), 


then 
oo ‘ | ) B -) dt B 
lo(2)- on(2)|=| 2 @ U(e))= 2 <P lpm Ge 


That is: 
TueoreM I. If @(2) has a continuous kth derivative of limited variation 


in the interval 0 = x S x, while ¢ itself and its first k — 1 derivatives vanish 


for x = 0 and for x = w, and if, furthermore, the function \(x) which appears 
as a coefficient in the differential equation has a continuous (k — 2 )th derivative 
of limited variation in 0 S x S wr, then 


(2) = o,(2)+ 0(=) 

uniformly throughout the interval. 

Whenever the 0-notation is used in the present paper in a relation involving 
a function of 2, it will be understood, without being repeated on every occasion, 
that the relation holds uniformly, that is, that the implicit constant multiplier 
is independent of x as well as of n. In the relation just written down it 
depends onk, , h’, H’, and ¢. In the case that 6 (0) = 0 its dependence 
on ¢ is completely characterized by saying that it is proportional to the total 
variation of ¢. 

When & = 1, the theorem is true without the restriction that 


$(0)= (7) =0, 
in consequence of the facts previously established for this special case. That 
the restrictions at the ends of the interval are not superfluous in general is 
shown by the simplest examples. If 


A(x) = 0, h’ = 7’ = 0, (2) = sing, 


* Of course this is assured at the outset by well-known general theorems, but it appears 
incidentally here. 


. 
| 
| 


ei Ri aaa 


2 Ses 
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for instance, so that the series is the cosine-series for sin z, the hypotheses of 
Theorem I, except those relating to the end-points, are satisfied for any value 
of k, but the remainder in the series 


; 4 cos 22 ~=cos 42a cos 2n2 
sin z =— , ee aa ie el aailtcdl 
3 15 4n? — 1 


at the point 2 = 32 does not approach zero faster than 1/n”. 

A further theorem can be obtained by operating with (22). Let the equa- 
tion (12) be recalled, and compared with the following, which is obtained in 
the same way: 


f o(2)cos nde == fi 6 (2) c0s( ne +) de. 
0 0 = 


By (3) and (4) we may write 


On the other hand, 


£08 ( paz +3) = cos (nz +=) —(l-—cos exz)c0s (nz +) 


: . kr 
— sin €& x sin{ nx + > 


kr , , kr 1 
cos { nz + = } — sin ex sin | nz + > +0 aE 


Now sin €,% is a positive monotone increasing function in (0, 7), as soon 
as n is sufficiently large, and so, if we write 


o” (x) = oi(x) — o2(x), 


as in (13), we shall have 
i] o™ (a2) sin €,x sin (nz - > ) az 
. 2 
; os kr : Ti kr 
= ¢,(7)sin arf sin | nz + =) dx — d2(7)sin ear f gsin nt +> dz 
é > : 


n 


since sin €,7 and both the integrals are separately O(1/n). By combination 
of these relations, 
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aif ¢® (2) ¢0s (ne + F ) ax 
-[3+0(gh) JL [erm (w+!s)oe+0(3)] 
== [6 (2) 00s ( ne +) ae + 0( a=). 


7 T 1 
{ (2x) cos pur dz = [ ¢ (x) cos nz de + 0( ); 
«70 0 


That is, 


the relation (22) remains true if cos p,x is replaced by cos nz. The integral 
on the right is itself 0(1/n**"). From (23), 


1 2 1 
hoa 





Hence, by multiplication, 


= £ 1 
an == f 6(2)¢0s nz de + O(a). 
To go one step further, 
1 
Un (2) = cos prt + o(=) = cos nt + 0(*), 


and so 


9 7 
(24) Qn Un (#) == cos nz f ¢(t) cos nt dt + 0( <i) 
4 


Up to this point the original hypotheses about the function ¢ have been 
retained. It is for a somewhat different class of functions that the last rela- 
tions are to be used. Suppose that ¢(x) has a (k — 1)th derivative satis- 
fying a Lipschitz condition, 


(25) |e? (a2) — * (a1)|S ular — ai], 


where 2; and 22 are any two values in the closed interval (0, 7) and yp is a 
constant. This derivative is a fortiori continuous and of limited variation, 
and if we suppose that ¢ and its first k — 2 derivatives vanish at 0 and 7, 
and that \ has a continuous derivative of order k — 2 with limited variation, 
the hypotheses for (24) will be fulfilled with & replaced by k — 1. 

The function ¢(2) has been defined up to the present only in the interval 
from 0 to 7. Let this definition be extended by setting ¢(2) = ¢(— x) 
for — tr = 20, and then making ¢(2 + 27) = ¢(2) for all real values 
of x. The periodic function so defined will have a (k — 1)th derivative 
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satisfying a Lipschitz condition everywhere* if k is odd, and this will be true 
for even values of k as well if the hypotheses previously made are supple- 
mented by requiring that ¢*-» (0) = 6» (r) = 0. 

The Fourier’s series for ¢(2) will involve only cosine-terms, since @ is 
even, and will have for its general term precisely the expression on the right- 
hand side of (24), with the O-term omitted. Let this general term of the 
Fourier’s series be denoted by a, cos na, the sum of the first n + 1 terms by 
8 (x). It is known thatf 

i-<} 
(26) $(xz)— s(x) = > a,cos ye = 0( 8"). 


v=n+l n 


Remembering that k in (24) is to be replaced by k — 1, we have 
(27) lon Un (2) — an cos nz| = o, 


where @ is independent of n and 2. It is understood thatt k = 1; it appears 
from the relations just written down that the Sturm-Liouville series }“a,Un (2) 
converges uniformly, and that 


|p (x) — on(x)|S|b(x) — an (x)|+|[O(2) — on(x)] —[6(2) — an (x)]| 


=|¢(x) — 8, (x)|+ = [a, U, (2) — a, cos vr] 


vr=n+l 


i] 


|p (x) — 8,(x)|+ Hi 


v=" 


) _ pn (log *) 
~ ne }° 


This may be formulated as follows: 

THeoreM II. Jf d(x) has a (k —1)th derivative satisfying a Lipschitz 
condition throughout the interval 0 = x S 7, while @ itself and its first k — 2 
derivatives, and, in case k is even, the (k —1)th derivative also, vanish for 


* It is seen at once that ¢ itself is continuous, and readily shown that the successive deriva- 
tives through the (k — 2)th exist and are continuous, even at the points 0, 7, 27--+. The 
(k — 2)th derivative will be an even or an odd function according as k is even or odd. In 
the latter case its right-hand and left-hand derivatives at the point 0 will be equal; in the 
former they will be the negatives of each other, and so equal only if they vanish. Similar 
reasoning applies to the point +. The others need not be considered separately, because of 
the periodicity of ¢. The proof that the Lipschitz condition is satisfied offers no difficulty. 

+ For the case k = 1, see Lebesgue, loc. cit., p. 201; for the general case, D. Jackson, 
loc. cit., also D. Jackson, these Transactions, vol. 14 (1913), pp. 343-364, Theorem X. 
The latter paper will be referred to as B. 

t The meaning of the hypothesis in the case k = 1 would be, of course, that ¢ itself satisfies 
a Lipschitz condition. 
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x = 0 and for x = m7, and if (x) has a continuous (k — 2)th derivative of 
limited variation for 0 S x S r, then 

$(2) = on(2)+ o(*8.") 
uniformly throughout the interval. 

If k is even, so that it is assumed that ¢*-» (0) = 0, or if k is odd and 
this assumption is added to those already made, it will be seen, on following 
through the work with this in view, that the remainder does not exceed 
cu (log n)/n*, where c is independent of ¢, and uy is the coefficient in the 
Lipschitz condition which ¢*~» (2) satisfies,* and it is assumed that n = 2. 
It is essential for this purpose to note from the papers referred to for the 
Fourier’s series that the constant factor implicit in the O-symbol in (26) may 
be taken as uw multiplied by a quantity independent of ¢. 

The suggested refinement of Theorem II may be dismissed with these few 
lines, as far as general values of k are concerned. In the simplest case, k = 1, 
the theorem is needed for an application in its more precise form, and it will 
be well to state this simple result separately and to give the details of the 
proof from the beginning. 

THEOREM Ila. If ¢(2) satisfies the Lipschitz condition 


(28) lo (22) — 6(a1)|S ulae — a1] 


throughout the interval 0 S x S 7, and if (0) = 0, then, in the whole interval, 


iota) ~ ater e 


n 


where c is independent of x,n, and ¢. 

The restriction on \(2) is merely that of continuity. 

In accordance with the hypothesis, |¢ (a) |= mu, and d(x) can be written 
in the form 


(29) $(x) = oi(z) — g2(2), 
where ¢; and ¢2 are continuous and monotone increasing, and 
o:1(0) = ¢2(0) = 0, gi(7) Sm, go(7) Sm. 


The expression (5) for U,(a) will be sufficient for our purpose. Let the 
second term be multiplied by @(x) and integrated; we find 
* It is obvious that the total variation of ¢*-» (z) in (0, +) is at most mp. 


t This will involve some repetition of what has gone before, which is perhaps compensated 
by the gain in clearness. 
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[6 (2) sin pus dz = b(n) [sin pyx de — 42(n) f sin p,»x da 
0 € n 


sta®, 


Pn n 
and hence 
yy ; c 
~ f o(2x) sin p,x dx =<, 
ne/0 


nv 


as has already been explained, the letter ¢ will be used to represent a number 
independent of n and ¢, and, in a relation where x occurs, independent also 
of x, but will stand for different numbers of this sort in different lines, and, 
on occasion, even in the same line. Consider the third term: 


J 602) [°r(4) Ue (t) sin py (2 — 1) dt de 
-{ A(t) U, (t) cos pat [ 6(2) sin p,x dx dt 


-{ d(t) Un (t) sin pat f o (2) cos ppx dx dt, 


and as each of the integrals extended from ¢ to z is seen by the use of (29) and 
the second law of the mean to be in absolute value not greater than cu/n, 
it follows that the whole expression satisfies an inequality of the same form. 
Consequently 
= Tete } X(t) Un (t) sin pa(x —t)dtde =. 
| Pn eo 0 n- 


Return now to the first term of (5); here it is to be pointed out that 


if @ (2) cos put dz — [ @(2) cos nx dx 
=| [ (cos €,2 — 1)¢(2)cos nx dx} + f o(2x) sin &x sin nx dx 


Cu : ar : oo 
= + | ¢1(7) sin ar f sin nx dx — g2(7) sin arf sin na dx 
t 


nv n 


c 
-" 

the last inequality but one being obtained as soon as n is so large that* e, = $ 
and sin €, x is monotone increasing in (0,7). To sum up the inequalities 


obtained thus far, 


(30) foc) U,(2)dz = xo cos nx dx +ri(n,2), 


* The point where this begins to be true is of course independent of ¢. 
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where the remainder r; is such that 


— 
Iri(n, 2)|S—5. 


In consequence of (23), which was proved in four lines, we may write 


1 
[[0.(2) Pax 


Inz(n)| ==. 


(31) 





2 
=—+r2(n), 
Tv 


where 


Furthermore, 


(32) U, (2) = cos prt + 73(n, 2) = cos na +ry(n,2), 
where 

,_e c 

Irs(n, x)|S-, Irs(m, x) |S >. 


As the second law of the mean shows that 


‘A c 
f o(2x) cos nx dx a=, 
0 


multiplication of (30), (31), and (32) gives 


9 T 
(33) a, U,(2)= 7 cos ne [ o(t) cos ntdt+r5(n, 2x), 
0 
where 
c 

(34) |rs(m, 2)| Sy. 

Let @(2x) be defined outside of (0,7) so as to be an even function of 
period 27 for all real values of x. This function will satisfy (28) everywhere. 
If a, cos nx is the general term of its Fourier’s series, which contains no sine- 
terms, and 


n 
(2) = Y an cos Nz, 
v=0 
then* 
cu log n 


\p(r)— s,(x)|S ’ 


n 
The relation (33), with (34), states that 


' Cu 
a, Un (x) — an cos nx| = = 


* Lebesgue, loc. cit., p. 201; D. Jackson, in the paper A, Theorem V. 
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This has been established only for values of n from a certain point on, this 
point being unspecified, but independent of ¢. On taking account of the 
latter circumstance, it is readily seen that the relation holds also for the 
positive values of n previously neglected. For the inequalities 


lan Un(x)|S ep, lan cos nx|= cp, 


are seen at once to hold for all these values of n, since |¢(2)|= mp, and 
U,,(a), whether represented by (5) or not, is continuous and not identically 


zero; it follows that 
lan Un (2) — an cos nx| S cp, 


and it is immaterial whether we write cu or cu/n’, since only a finite number 
of values of n are concerned. Consequently, for n = 2, 


|p (x) — on(x)|S|b(2) — sn (x)| +] [ G(x) — on(x)] —[6( 2) — 2 (2)]| 


2) 


=|¢(2)—s,(x)| + BD [a, U,(2) —a, cos ve]| 


y=n+1 


oe 


<=|¢(x)-a(2)|+ o> 


> 
yon+1 7 


<u log n cu ch log nm 


n n n 


Now let ¢(a) be any function whatever that is continuous in 0 =z =7 
and vanishes for x = 0. Represent by 6 any positive quantity, and let 
w(6) denote the maximum of |¢(2.) — ¢(21)| for values of 2; and 22 in 
the interval subject to the restriction that |z,. — 21|=6. It is obvious at 
once that w(6) is a monotone increasing function of 6, and that 

lim w(6) = 0. 

é=0 
It may be assumed further that w (6) /6 does not approach zero as 6 approaches 
zero, otherwise ¢ would have a vanishing derivative throughout the interval 
and so would vanish identically itself. The relation just obtained is to be 
used to establish the following proposition: 

THEOREM III. If @(2) 2s continuous in 0 S x S and 


(35) |p (a2) — o(a1)| = w(8) 
whenever 
lz —a1|S 5, 


and if ¢(0) = 0, then 
I$ (2) — on(2)| cw (*)logn, n=2. 
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The proof, after Theorem IIa has been established, is that given by Lebes- 
gue* for the corresponding property of Fourier’s series. We begin by deriving 
the following lemma: 

Lemma V. If 

lo(x)|Se 


throughout the interval 0 = x S w, then 
|o(2) —on(x)|Scelogn, n2=2. 


It is obviously sufficient to show that |c, (x)| itself can not exceed ce log n. 
Now it follows at once from (5), with (3) and (4), that 


[6 (2) Un(e)de — [ 6(2) 00s Pnx dx ==, 
0 0 


or, since |cos par — cos na| = c/n, that 
san e i ce 
f o(2)Un(x)de — | o(2x)cos nx dx =a" 
Jd 0 


From this and (31) and (32), 
lan Un (a) — adn cos na| = =. 
Therefore 


lon(#) —&(2)|S Ls ce log n, 
v=1 


and as it is well knownf that 


ls, (a)|S ce log n, 
the lemma follows at once. 
Now let a function y (a) be defined as equal tog (x) at the points x = ir/n, 


a= 0,1, ---,m, and linear between these points. Because of (35), 
T 
(36) 19 (2) — ¥(2)| 20( 2) 
throughout the interval. Furthermore, y (2) satisfies (28) with 
- _ o(1/n) 
w)  e/n 


Let us denote by a, (2) the sum of the first n + 1 terms of the Sturm-Liouville 
series for @(2), and by o1,(2) and oo,(2) the corresponding sums formed 
for Y(x) and d(x) — ¥(x) respectively. Of course 


On (2) = Oin(X) + Gon (2). 


* Loe. cit., pp. 201-202. 
Tt See, e. g., Lebesgue, loc. cit., pp. 196-197. 








458 D. JACKSON: DEGREE OF CONVERGENCE [October 


By (37) and Theorem IIa, 
ete mies’ logn w(m/n) _ co( =) log - 


n a/n 
By (36) and Lemma V, 


loo |= 4 y 
\Pn(x)|S co (=) log n. 


As it follows from (36) a fortiori that 


Id (2) — ¥(2)|S co( =) og n, 
the identity 


(2) —on(t) = O(2) — W(2) + (2) — Om (@) — On (2) 


gives the demonstration of Theorem III at once. 
If @(2) is continuous, but ¢(0) + 0, let 


o(x) = $9(0)+ x(2). 


Theorem I is applicable to the Sturm-Liouville series for the constant ¢(0), 
with & = 1; for of course a constant has a first derivative of limited variation, 
and it was pointed out in connection with that theorem that for k = 1 the 
function developed need not vanish at the ends of the interval. Hence the 
remainder after n terms of the series is 0(1/n). On the other hand, Theorem 
III may be applied to the function x (2). If w(6), formed for this function, 
is such that the ratio of 6 to w(6) remains finite as 6 approaches zero,* then 


:~ oL+(5) |= o[+(F) mee] 


and ¢(2) still has the property that 


b(2) =o,(2)+ o| o( 2) log n |, 


but it is no longer true that the constant multiplier in the O-symbol is inde- 
pendent of ¢. 
3. SUMMATION OF THE SERIES 


The theorem expressed in (26), concerning the degree of convergence of the 
Fourier’s series for a function ¢ (2 ) of period 27 having a (k — 1 )th derivative 
that satisfies a Lipschitz condition, was proved by an indirect method. It 
was obtained as a consequence of the two following propositions: 

(a) If @(2) is a function of the character described, it is possible to define 
for each positive integral value of n a finite trigonometric sum of the nth order 


* This assumption goes somewhat beyond the earlier one, that w (6)/5 shall not approach 
zero, that is, that the ratio of 5 to w (6) shall not become infinite. 





1914] OF STURM-LIOUVILLE SERIES 459 


at most which represents ¢(2) approximately with a maximum error not 
exceeding a constant multiple of* 1/n*. 

(b) If @(x) is any functiont of period 27 which can be approximately 
represented by a finite trigonometric sum of the nth or lower order with an 
error nowhere exceeding ¢, and if s,(2) is the corresponding partial sum of 
the Fourier’s series for 6 (x), then, for n = 2, 


|p (x) — 8, (x)| S Ke log n, 


where K is an absolute constant. 

It may not be unprofitable to observe that each of these propositions, 
which are interesting for their own sake, has its analogue in the theory of the 
Sturm-Liouville series. For (b) this analogue reads as follows: 

If ¢(2) can be approximately represented throughout the closed interval 
(0, x) by a linear combination >, (2) of the characteristic functions Ug(2), 
Ui(2), --+, Un(2), with constant coefficients, with an error nowhere 
exceeding e, and if ¢, (x) denotes the corresponding partial sum of the Sturm- 
Liouville series for ¢ (2), then, for n = 2, 


\p(a) — on(ax)|S ce log n 
throughout the interval. 

Here, as everywhere in this paper, c denotes a constant independent of ¢, 
but depending conceivably on \(a) and on the coefficients in the boundary 
conditions. 

The truth of the assertion is an immediate consequence of Lemma V. 
The partial sum of the Sturm-Liouville series for ¢(2) is obtained by adding 
those for 2, (2) and for ¢(2) — 2, (2) ; the partial sum for 2, (2) is 2, (x) 
itself, and an error can arise only in the partial sum for ¢(2) — =, (2x), to 
which Lemma V applies. 

The generalization of (a) is somewhat less trivial. Let us recall the method 
by which that theorem itself was proved in the paper A.§ 

If k is the integer which appears in the statement of the theorem, and n is 
any positive integer, let x be the smallest integer for which 2k —k >1, 
and m the largest integer for which x(m — 1) does not exceed n, and let 


mw [2 
Su (2) = hm f [(— 1G (2 + 2ku) + (= Php (2 +2 (k= 1)u) 
(38) a sin mu |* 
++ 36s +9) 
+ +++ +ho(x + 2u)]} > | du, 

* D. Jackson, Dissertation, Géttingen 1911, Theorem VII; A, Theorem III; B, Theorem III. 

t Integrable in the sense of Lebesgue, 

t Lebesgue, loc. cit., p. 201; also, earlier, Lebesgue, Annales de la Faculté des 
Sciences de l’Université de Toulouse pour les sciences mathé- 
matiques et les sciences physiques, series 3, vol. 1 (1909), pp. 25-117; 
pp. 116-117. 

§ The neater proof given in B seems less convenient for the present purpose. 
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where the numerical coefficients in the integrand are the binomial coefficients 
corresponding to the exponent /, the last being omitted, and h,, is a constant 
defined by the equation 


1 {- [= mu . 

— = —— | du 

hin —2j2m sin u 
It is shown in A* that S, (2) is a trigonometric sum in z of order not higher 
than x(m — 1), and so not higher than n, and that S, (2) represents ¢(2) 
with the required degree of approximation. 


This information as to the form of S, (2) will not be enough for us here. 
We shall show thatt 


(39) S,(2) = [ 6(t) Ta(t— Dat, 
where a 
(40) T,(t — x) = > Ay, cos v(t — 2), 


and the coefficients A,, are constants independent of ¢. It will be sufficient 
to show that each of the k terms of which S, (2) is composed in (38) has this 
form: Consider any one of these terms, say that containing ¢(a2 + 2ru). 
The binomial coefficient and the factor + h», may be left out of account. 
The change of variable ¢ = x + 2ru gives 


t — 2« 
sin m 


a sin mu |* . 2r 
9 =— —_—__—_ 
[oc +2r| § =| om ae $(t) t—2z , 


m sin — 
2r 

Because of the periodicity of the functions involved, this is, except for the 

irrelevant constant factor 1/(2r), the same as 


2« 


- t—@z 
sin m 


2r 
fiom - ree dt. 


m sin 
, 2r 


Let the interval of integration be broken up into r intervals, each of length 27, 
and let these be reduced to a common interval by change of variable. In 
this way the last integral can be brought into the form 


ek 97 
j=0 P t x “jT 

m sin | — += 
( 2r 2r 


. m (‘ — Zz 2)4 2 
—(r—2)9r r—l sin 7 = “2 > 


(41) 





* The notation has been changed somewhat. 
t Cf. B, pp. 347-348, where only the case k = 1 is taken up. 














1914] OF STURM-LIOUVILLE SERIES 461 


Now it is a familiar fact* that [(sin mv) /(m sin $v) |? is a finite trigono- 
metric sum in v, of order m — 1, involving only cosines, and so, if this ex- 
pression is raised to the xth power, there will be obtained a sum of the same 
character, of orderx(m—1). That is, each term under the sign of summa- 
tion in the integral just written down has the form 


«(m—1) 


a 93 
> B, cos i(' = 47), 


i=0 r 





where the coefficients B; are constants. On performing the summation with 
regard to j, a double sum is obtained which can be written thus: 


oe toe ij. tae. Qije 
(42) >» { Bs[ e0s _ > cos = — sin i - > sin 2 | 
i=0 y j=0 r j=0 r 

Since 
r—1 


Qijr 





cos 
j=0 r 

is zero unless 7 is divisible by r, and the corresponding sum of sines is always 
zero,{ the expression (42) really involves no sines of multiples of (¢ — x)/r 
at all, and the cosines of only such multiples of (¢ — x)/r as are at the same 
time integral multiples of f — x. It has the same form as the right-hand side 
of (40), with the coefficients for which the second subscript is greater than 
n/r all equal to zero. As the integrand in (41), regarded as a function of ¢, 
is now seen to have the period 27,, the interval of integration may equally well 
be taken as that from — 7 to r. To justify (39) and (40) it remains only 
to combine the terms corresponding to the several values of r. 

The approximating property of S, (2), stated precisely, is this: If @(x), 
of period 27, has a (k — 1)th derivative satisfying the condition (25), then, 
for all positive integral values of n and all values of z, 

I6(2) — S,(2)|S, 
where K; is a constant depending only on k. 

Of course the number f& enters into the definition of S,(x). If ¢ had a 
derivative of order / — 1 satisfying a Lipschitz condition, / > k, it would not 
in general be true of this S, (2) that |¢@(a) — S,(a)| remains inferior to a 
constant multiple of 1/n'; to attain this degree of approximation, it would be 
necessary to define a new S, by means of a new 7,,. But it is readily seen, 
on following through the demonstration in A, that the function 7, (t — x) 
formed for any particular value of k applies equally well for any smaller 





*See Fejér, Mathematische Annalen, vol. 58 (1904), pp. 51-69; p. 53. 
t See, e. g., Bécher, Introduction to the theory of Fourier’s series, Annals of Mathe- 
matics, ser. 2, vol. 7 (1906), pp. 81-152; p. 135. 
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value of &, and this is important for what follows. It will be well to give a 
summary of the facts that will be needed about the functions S, and 7, in 
the form of a lemma. 

Lemma VI. The positive integer k’ being regarded as fixed, there exists for 
every positive integral value of n a cosine-sum T,(t — x), of the form (40), 
such that if @(x) is any function of period 2r whose (i — 1)th derivative, 
l= k’, everywhere satisfies the condition 


lp) (a2) — 6 (a1)! S ular — x], 


then the corresponding S, (2), defined by (39), satisfies for all values of x the 


relation 
(2) — S.(x)|=%, 


where g depends only on k’ . 

For the purpose of obtaining a theorem on the approximate representation 
of a function which has a (& — 1)th derivative satisfying a Lipschitz con- 
dition, by means of linear combinations of the functions U, (2), the number k’ 
in the lemma is to be set equal to k + 1, while / is to be given the values 
k +1 and k successively. 

The former value is used in studying the behavior of the coefficients A,,. 
Let cos vz be substituted for ¢(x) in the lemma. It satisfies the relation 

(a ee ee 
de O° vitz — 73 COS vay) SN ae a1, 


as is seen at once by applying the mean-value theorem to the kth derivative. 


Therefore 
+1 


| 7 pk 
‘cos ve — f T, (t — x) cos vt dt = Sy. 


On the other hand, it follows from (40) that for vy = 1 


f T,,(t — x) cos vt dt = Ay, cos vz, 


so that 
yet 


|cos vx — 7A,, cos vz| = oa 
for all values of x, or, setting z = 0 in particular, 
gut 
(43) [1 — +A,,|S Tar 
The same reasoning applied when v = 0 shows that 
1 


Ano = on 


precisely. 
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It appears on substituting (40) in (39) that for any function ¢ (2) 


1 T 
S.(2) = 5- f o(t)ae 


+2 { 4n.| c0s v2 | #(t) cos vt dt + sin vx f @ (t) sin reat || 
v=1 —-T —~— 


n 
= ay + >. dy, (a, cos vx + b, sin vx), 
v=1 


where a,, b, are the Fourier coefficients of ¢, and the numbers d,, = 7A,, 
are independent of ¢. That is, the functions S, (a2) are formed by applying 
a particular method of summation to the Fourier’s series for @. Rewritten 
in the new notation, (43) states that 

+1 
(44) It — d= 
For the sake of uniformity we will introduce a coefficient dj» = 1. 

We are now in a position to define the approximating function desired. 
Let it be assumed that ¢(2) and (2) satisfy the hypotheses of Theorem II, 
and let a, denote as before the general coefficient in the Sturm-Liouville series 
for @(x). The function to be used is the following: 


En(x) = dy a, U, (x). 
v=0 


It will be shown that as n becomes infinite 2, (2) converges uniformly to a 
function Y (2), which is then necessarily continuous, so rapidly that 


ly (x) — 2, (2)| 


does not exceed a constant multiple of 1/n*. When this has been done, it 
will remain to be proved that y (2) and @(2) are identical. 

Suppose @(2) defined for values of x outside of the interval (0, 7) so as 
to be an even function of period 27. This function will have everywhere a 
(k — 1)th derivative satisfying a Lipschitz condition of the form (25), so 
that Lemma VI is applicable with! = k. Since ¢ is even, S,(2) now has 
the form 


S, (x) = 5d, a, cos vz, 


v=0 


where 


° T 
a, = f $(t)cosrvtdt, v=, 
T Jo 


with a corresponding formula for ao. 
Trans. Am. Math. Soc, 31 
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Consider the difference 
Latp (2%) — Zn(z), 


where p is any positive integer. It is equal to 


Srp (2) =" S, (x) + > (dntp, v~ d,,)[ a, U, (2) —a, cos va] 
(45) - n+p 
+ >> duiy.,[a, U, (x) — a, cos vr]. 


v=n+1 


By Lemma VI, 

[Snap (2) — Sn(x)|=|[6(2) — Sa(x)] — [6 (2) — Snip (x) ]| 5 — 
From (44), 
Qqv**1 


|dntp. v — d,, |= =a kt ? 


n 


and from (27), the correctness of which was established under the hypotheses 
that we are using now, 


(46) la, U, (a) — a, cos va| = — 
where 8 is a constant. Hence the absolute value of each term under the 
first sign of summation in (45) is less than or equal to 2g8/n**', and the 


absolute value of the sum of n terms does not exceed 2g8/n*. As for the 
other sum, it follows from (44) that 


|dute, » sl+ygq, 


for all values of n, p, and v, while (46) is still satisfied, and so 


yl a, U, (x) — a, cos va} 


n+p 1 
=B(1+g) dX pa sb +g) ga = PE) 


=n+1 


Combining these facts, we see that the absolute value of 2,4,(2) — 2, (2) 
does not exceed 1/n* multiplied by a quantity independent of z, n, and p. 
Consequently =, (x) does uniformly approach a continuous limiting function 
y (2) as n becomes infinite, and 


“ 1 
¥(2) = 2a(z) + 0(5) 


uniformly for all values of x in the interval from 0 to 7. 

There would be no difficulty in showing that if ¢*~-» (0) = 0, the absolute 
value of (2) — =, (a) does not exceed cu/n*, where c is independent of ¢; 
but as in other cases of the same sort we will not go into detail on this point. 
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It is still to be proved that the limiting function ¥(2) is identical with 
@(x). It might be interesting to know whether it is true that a convergent 
series will always be summable by means of the factors d,,, and that the 
value so obtained will always be equal to the sum of the series. We shall 
leave this general question aside, and confine our attention to the special 
problem in hand, making use of the fact that s,(x2), S,(2), and o,(2) all 
converge to the value @(x2). The proof is as follows: 

Let x be any number in the intervalO = 2 =r. 

Let € be any positive quantity. 

Let S‘(a2) denote the sum of the first g + 1 terms of S, (2), and >%(2) 
the sum of the first g + 1 terms of 2, (2), whenn = q. 

Two integers n and g are to be chosen subject to seven conditions; the 
possibility of fulfilling these conditions will be made clear after the conditions 
themselves have been written down. 

Let q be a number such that 


(47) l(a) — 8g(2)|<€/7, 
(48) log(a) — o(2)|<€/7, 
(49) [Zn (a) — 24(2)] —[8, (a) — 8f(x)]| < €/7 


for every value of n > q. Let q, once chosen, be held fast, and let a number 
n > q be chosen so that 


(50) |sq(a) — Si(x)|< €/7, 
(51) Yi(z)—o,(2x)|<€/7, 
(52) |S, (x) — $(2)|<e/7, 
ly (#) — Zn(x)| < €/7. 
That (47), (48), (52), and (53) can be satisfied, is an immediate consequence 
of the convergence of the respective sums involved. In (50), 


g 
g(x) — Si(xz) = Dé (1 — d,,) a, cos vz, 
v=l1 


and for a fixed value of q the right-hand member involves n only in the differ- 
ences 1 — d,,, and approaches zero as n becomes infinite. Similar reasoning 
applies to (51). In the remaining condition (49), 


Zn (2x) am Zi (2) _ zz dy, Q, U, (2), 
v=q+1 


S, (x) — Si(z) = D> dy, a, cos vz, 


v=qt+1 
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and the difference of these expressions is, except as to notation, the second 
sum in (45), and is inferior in absolute value to a quantity which is inde- 
pendent of n and approaches zero as g becomes infinite. Hence (49) also can 
be fulfilled. Of course it will be essential that all seven conditions be satisfied 
simultaneously, but as each by itself is satisfied for all values of q or of n 
from some point on, there will be no difficulty in finding a single value of q 
for the first three, and then a single value of n for the last four. 

With the justification of the seven inequalities, the proof is practically 
complete. It is found upon adding that the sum of the quantities inclosed 
in bars on the left-hand sides is simply y (x2) — @(2x), and as the absolute 
value of this sum can not exceed the sum of the absolute values, it follows 
that 

p(x) - (2) |<e 
for suitable values of g and n. But @ and wy are independent of q and n, 
and as ¢ is arbitrarily small, it must be that Y(2) = @(a) exactly. As this 
has been proved for a value of x which is any value in (0, 7), the equation 
is an identity. The conclusion is as follows: 

TueoreM IV. If d(x) and d(x) satisfy the hypotheses of Theorem II, 
there exists for every positive integral value of n a linear combination =, (x) of 
the functions U,(a),v = 0,1, +++, mn, with constant coefficients, such that 


1 
o(x) = 2,(2)+ 0(=) 


<= 


uniformly throughout the intervral0O Sx Sr. 


Harvarp UNIVERSITY, 
CAMBRIDGE, Mass. 








SINGULAR INTEGRAL EQUATIONS OF THE VOLTERRA TYPE’ 


BY 
CLYDE E. LOVE 
1, Introduction. It has been shown by Evansf that the equation 
(1) b(2)=f(e)+ J K(x, Need 
has a unique finite and integrable solution provided that, for all values of 


x =a and of t=2z, (a) the functions f(z) and K(z,t) are bounded and 
continuous; (b) the integral 


[| K(z, lat 


exists; (c) a constant b can be found such that 


f |\K(2,t)|dtS=N<1 (x=b). 


Equations of the form (1) sometimes arise,t however, for which the con- 
ditions of Evans’s theorem are not satisfied. Various cases in which this is 
true are considered in the present paper. In each instance an attempt is 
made not merely to prove the existence of a continuous solution, but also to 
determine its behavior for large values of x. 

The independent variables x and ¢ will be restricted to real values. Func- 
tions of the single variable 2x will be considered for values of x lying either on 
the range 

I sie 
or on the range 
I, asz=5), 

* Presented to the Society, September 8, 1914. 
TAtti della Reale Accademia dei Lincei, ser. 5, vol. 20 (1911), pp. 
656-662. Cf. also: Ibid., vol. 20 (1911), pp. 7-11. 

t For instance, in the theory of linear differential equations. Cf. Dini, Annali di 
Matematica, ser. 3, vol. 2 (1899), pp. 297-324; ibid., vol. 3 (1900), pp. 125-183; also 
papers by the present writer: Annals of Mathematics, ser. 2, vol. 15 (1914), 


pp. 145-156, and American Journal of Mathematics, vol. 36 (1914), pp. 
151-166. 


467 








468 C. E. LOVE: SINGULAR INTEGRAL [October 


where b is arbitrary; functions of the two variables z, ¢ will be considered for 
values of x and ¢ in the domain 


T se, tz z. 


For brevity we shall speak of these three regions as the interval J, the inter- 
val J,, and the region 7 respectively. 

The functions f(a) and K(2,¢#) are assumed throughout to be continuous 
in J and in T respectively. 

2. Theorem 1. [Jf the integral 


[| K(@, og olae 


converges in I , converges uniformly in I,, and has in I the property that 


(2) [| Kos (@|at < olf (2)| (0<@<1), 
where 0 is a constant independent of x, then equation (1) has in I a continuous 
solution @(x) expressible in the form 
(3) $(x) =f(x)p(z), 
where p(2) is a continuous function such that 

lp(x)|<1/(1 — 8). 


The method of iteration,* when applied to the equation (1), leads to con- 
sideration of the series 


(4) giz) Sule), 


n=0 


uo(x) =f(2), 


u, (2) = { f vf K(2,t)K(t, th) 
ez t tn-3 UV tne 


+++ K (tis, tho) K (tre, tr_1) f (tr-1) dtn-1 Utne +++ dt dt 
-{ K (a, t) Uni (t) dt (n =1, 2, +++). 


where 


We shall first show by mathematical induction that, in J, u,(2) is contin- 
uous and satisfies the inequality 


(5) |ttn (x) | < O"|f (x) | fawt, B, «><>, 
* Cf., for example, Bécher, An Introduction to the Study of Integral Equations (1909), p. 14. 
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Assume that u,-;(2) is continuous in J, and that 
| m—1 (x) | SO" |f (x) |. 


Then wu, (2) is continuous in J and satisfies (5). For, since the integral 


[| K@, os la 


converges uniformly in J,, we can find for every value of ¢ > 0 a value of u 
independent of x, such that 


(6) flK@,oF@la <e, 


“& 


where y’ has any value greater than p, and z liesin J,. Now 





f K (2, t) ea (t)at = fo | K (x, t) uns (t) |dé 
= wf" | K(2, t)f(t)|dt <e, 


by (5) and (6). But this last relation establishes the uniform convergence 
of un (2) in I,, and hence its continuity at all points in J, since an interval J, 
can always be found so as to include any preassigned point in J. Further, 


lam (2)|S [|K (2, t)tpa(1)|dt 3 ot" |K (x, t)f (t)|at < olf (2)|, 


by (2). 

To complete the proof by induction we need only note that our assumption 
regarding U,-1 (2) is justified, by hypothesis, for n = 1. 

As a consequence of (5), we have 


(7) LD lum (2)|< yp lf (@) 1, 


so that the series )>*= u,(2z) is absolutely convergent in J, and ¢(2x) as 
given by (4) is defined in that interval. Further, the same series is uniformly 
convergent in J,, by Weierstrass’s test, since 


| ttn (2)|< NO", 


where N is the maximum value of |f(z)| in J,. The function ¢(2) is there- 
fore the sum of a uniformly convergent series of continuous functions, and is 
itself continuous. 

Let us now multiply the series for ¢(¢) by K(a2,¢) and integrate term 
by term from zx to ~. That this is allowable appears from the following 
theorem :* 


* Bromwich, Infinite Series (1908), p. 453. 
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If the series D=% f. (x) converges uniformly in any fixed interval a =x Sb, 
where b is arbitrary, and if F(x) 1s continuous for all finite values of x, then 


f FONE hole) la =D fF (2)fu(2) az, 


provided that the integral 
®(2)=f > |F(2)| Dl Jn(2)|dz, 


converges. 
For, if we take a = 2, x =t, F(t) = K(2,t), fa(t) = un(t), it is only 
necessary to show that the integral ®(2) converges. But this follows at 
once from (7) and (2). 
Upon performing the term-by-term integration mentioned above, we obtain 
the equation 


f/ K (2, t)9 (that = Dm (2) = 6(2) - (2), 


n=l 
which shows that ¢(2) as given by (4) is a solution of (1). 

From (7) it appears at once that we may write ¢(2) in the form (3). The 
function f(x) cannot vanish in J, by (2), so that p(2) is continuous. This 
completes the proof of the theorem. 

That the solution thus obtained is not necessarily the only continuous 
solution* appears from the following example. The hypotheses of the theorem 
are evidently satisfied by the equation 


o(2)=e the [eg (tat, 
since 


f{ \K (a, t)f(t)|d = 4c f e* dt = he". 


The equation evidently has the infinity of solutions 
ob (x) = 2e? + ce*?, 
where ¢ is an arbitrary constant, the solution given by the theorem being 
obtained by taking c = 0. 
Similar examples can be constructed for each of the cases still to be treated. 
In case the hypotheses of the theorem are not satisfied for all values of 





*It may be remarked that in the case treated by Evans (loc. cit.) there may likewise be 
more than one continuous solution. The equation 


o(2) =14 hee f° ety (t) dt, 


which evidently satisfies the conditions of Evans’s theorem, has the family of continuous 


solutions 
(2) =2+ce*?, 
where c is an arbitrary constant. 
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x in J, but only for sufficiently large values, say x = a’ > a, we may proceed 
by “ prolongement ’’* to obtain a continuous solution valid throughout J. 
Write the equation (1) in the form 


(8) b(2)=fil2) +f K(x, t)o(t)de, 
where 
f(z) =f(a)t+ f K(a, neta. 
Our theorem may be used to determine ¢(2) for x = a’, after which f; (27) 
becomes a known function, and (8) reduces to a regular Volterra equation 
whose solution in the interval a = z = a’ may be found by the usual methods. 
A similar remark will apply to each of the later theorems. 


3. Theorem 2. If there exists a continuous positive real function h(x) such 
that the integrals 


f iK@,of@lat, {- K (x, t)|h(t) dt 


converge in I, converge uniformly in I,, and satisfy in I the inequalities 


(9) { K (a, t)f(t)|dt << h(2), 


(10) [> [K (a, [a(t dt < ob(2) (0<6<1), 


where @ is a constant independent of x, then equation (1) has in I a continuous 
solution @(2) expressible in the form 


(11) p(x) =f(xz)+h(x)p(x), 
where p(x) ts a continuous function such that 
|p (x)|<1/(1— 86). 
Coro.uary. [f the integrals 


fik@orola, [Ke ola 


converge in I, converge uniformly in I,, and satisfy in I the inequalities 


fik@opolacy, [Ke ola <e, 


where N is a constant, then equation (1) has in I a continuous solution o (x) 
expressible in the form 


(2) =f(x)+p(z), 
lp(x)|< N/(1- 6). 


where 


* Cf. Evans, loc. cit., p. 662. 
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To prove the theorem, consider again the series (4). We note first that 
u, (2) is continuous in J and satisfies the inequality 
(12) | ttn (2) |< 6" h(a) (n =1, 2, +++). 


For, if we assume that w,_,:(2) has these properties, the same will be true 
for u, (2), by argument similar to that of § 2. But the assumption holds for 
u; (x), by hypothesis. 

It follows from (12) that the series (4) converges absolutely in J and uni- 
formly in J,. By making obvious modifications in the argument of § 2, 
we see that (2) as given by (4) is continuous in J, and satisfies equation 
(1) in the same interval. 

By (12), we have 


co) 


¥ |un(2)| <4 gh (2), 


n=1 


so that 


|6(2) —f(2) |<; gh(2)- 


The form (11) for ¢(2) results at once. 
The corollary is merely that case of the theorem in which we may take 


h(x) =N: 


4. Theorem 3. If there exists a continuous positive real function n (a) for 
which the integral 
J n (t) dt 
exists, and such that, in T, , 
(13) |K (x, t)f (t)|<|f(«)|n(t), 
then equation (1) has in I a continuous solution (x) expressible in the form 
o(x)=f(x)[1+e(2)], 
where €(x) is continuous and has the property that 


lim e(x)=0. 


We may evidently assume without loss of generality that 


(14) fo nia <a ened. 


For, if this is not true throughout J, it will be true in the interval x 2a’, 
where a’ is sufficiently large. After establishing the existence of a continuous 
solution of (1) in this latter interval, we may by prolongement* extend it to 
all values of z in I. 

 * CF. $2. 
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It results from (13) and (14) that 


fo 1K, of lat <|f(@)| [ n(tyat < of(2)| 
7 ’ (0<6<1). 
Further, the integral 


[ik @, os lat 


converges uniformly in J, by the following (Weierstrass’s) test. 
Suppose that for all values of x in the interval a = x = b the function 
F (2, t) satisfies the condition 


|\F (a, t)|< M(t), 


where M(t) is a positive function, independent of x. Then if the integral 


fo mca 


f F(a, t)dt 


is absolutely and uniformly convergent for all values of 2 in the interval 
ese2s6. 


Let us write 


J ik@,os@la -[ [K (2, t)f()|dt+ fo K(x, t)4 (0) at. 


converges, the integral 


The test applies at once to the integral last written if we take 
m=b, F(#,t)=|K(2,t)f(t)|, M(t)=Nn(t), 


where N is the maximum value of |f(x)| in Jy. 
Thus the conditions of Theorem 1 are satisfied in the present case, and by 
that theorem there exists a continuous solution of (1) of the form 


o(x)=f(x)p(x). 
p(x)=1+e(z), 





If we put 


it appears by (4) that 
f(x)e(x) = Dim (x), 
and by (7) we have 
= 6 
If (e)e(x)|S 2X |un(z)| <p ry lf(@)I, 


or 
— le(x)|<0/(1 — 8). 


' - Cf., for instance, Bromwich, Infinite Series, p. 434. 
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Now @ may be taken arbitrarily small if x be taken sufficiently large, so that 


lim e(2) = 0. 


This completes the proof. : 
5. Theorem 4. If there exist functions h(x) and n(x)* such that the 
inequalities 


(15) |K (a, t)f(t)|< h(x)n(t), 
(16) K(a,t)|h(t) < h(x) n(t) 


are satisfied in T, then equation (1) has in I a continuous solution (2x) ex- 
pressible in the form 


o(r)=f(r)+h(ax)e(x), 
where €(x) is continuous and has the property that 


lim e(z) = 0. 


Corotuary. If there exists a function n(2) such that the inequalities 
[K(a,t)f(t)|<n(t),  |K(a,t)|< a(t) 


are satisfied in T, then equation (1) has in I a continuous solution @(x) ex- 
pressible in the form 


o(r)=f(x)+ (2), 
where 
lim e(x)=0. 


From (15) and (16) it appears that (9) and (10) are satisfied. The integrals 


f |K(@, ng (1) |at and {- K (x, t)|h(t) dt 


are readily seen to satisfy the other conditions of Theorem 2. Hence equation 
(1) has a continuous solution 


o(r)=f(r)+h(x)e(xz), 
where 
‘ 1 < 
e(2) = p(2) = 2) + > Dan (2). 
Now by (15) - 
| a3 (ar) | 
h(x) <8, 


and by (12) 


~~ $5 | th (2)|<— 
‘ Un (2x) | aaerer 
h(z) 433 1-86 
* The functions h(x) and 7 (2) have the same properties as in Theorem 2 and The- 
orem 3 respectively. 





1914] EQUATIONS OF THE VOLTERRA TYPE 


so that 
le(x)|<6+6/(1— 6). 


The desired result follows as in § 4. 


To prove the corollary, take h(2) = 1. 

6. Application. The foregoing results may be used in a variety of ways to 
discuss particular equations of the form (1). The following may be mentioned 
as a typical application: 

Let p(x), g(a), and r(2) be polynomials in z such that for large values 
of x 


R[p(«)] < R[q(z)] < R[r(2x)], 


where R[a] means the real part of x. If for sufficiently large values of 2, 
and for values of t = x, we may write, in Poincaré’s sense, * 


f(2) wo e@@ (a +o+ ee ), 


b be, 0 


b 
K (a, t) © e?@ oF er  (bo,0+ a + 7+ 2 + ), 


where a, B, Y, a, -°*:, 60,0, --+* are determinate constants, then for the 
same values of x the equation (1) has a continuous solution ¢(2) such that 
we may write 
p(x) ~ f(x). 
To prove this statement, we note first that 2 may be taken so large that 
K (a, t)| < Nie? 28 | |e7® oI, If (a) |< Nolet 2*|, 
where N, and N;2 are certain constants. Thus 
(17) K (x, t)f (t)| < Ni Noe? x et pot] , 
Let us now apply Theorem 4, taking 


h(x) =|e© |, n(x) = Nlet@®@ |z*, 


where N is the larger of the quantities N, and N, Ne, and k is the larger of 
the quantities 


R[a+8], Rla+y]. 
Since 


R[q(z)] < R[r(2)], 


fo nea 


*Acta Mathematica, vol. 8 (1886), p. 296. 


the integral 
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exists. We have directly, by (17), the inequality 


|K (x, t)f(t)|< h(x)n(t). 
Also 
K (a, t)|h(t) < Nile? 2% erp 8+7| < h(x) n(t), 
since 
(18) R[p(x)] < R[q(2)]. 
Thus the hypotheses of Theorem 4 are satisfied, and equation (1) has a con- 
tinuous solution of the form 


o(4) =f(x)+ h(x)e(z) 
An + Wn (2) 


1 i 


a 
= ot atl ag Eo + | +1e@ 2 le(e), 


where n is an arbitrary positive integer and 


lim w,(2) = 0, lim e(x) = 0. 
Put - 

‘“ E(x) |e? x8 | 

e(x) = eP(z) 8 =f 


Wn (2) = wn (x) + ePO-a@ gf-atn E(x), 
Then we have 


ay ‘2 ton(2) | 


o (2) = e7@) | a i tee tb 
It appears by (18) that 


a” 


lim @,(2) = 0, 


whence we may write 


(2) 00 a8 (ay + + ), 


Thus ¢(2) has an asymptotic expansion coinciding with that of f (2), which 
was to be proved. 

It is believed that the present theorems may prove useful in the study of 
certain problems in the theory of linear differential equations. (The writer 
hopes to consider applications of this type in a later paper.) 


UNIVERSITY OF MICHIGAN. 





ON THE REDUCTION OF INTEGRO-DIFFERENTIAL EQUATIONS* 
BY 
GRIFFITH C. EVANS 


Certain integro-differential equat ons can be completely treated by first 
resolving an integral equation, and second, integrating a differential equation. 
In so far, such equations do not constitute a new problem in analysis, because 
they are reducible to equations of simpler types. From this point of view 
Volterra discusses the equation 


v7? V(a,yszlt)+ f f(t, 7)V7?V(2,y,2|7)dr = F(z, y,2,t) 


which is satisfied by the potential V of an electric field in an isotropic medium, 
in the so-called “static case” of hysteresis.¢ By solving this equation, 
regarded as an integral equation, for V*V, we are led to the differential 
equation of Poisson to determine V . 

We may however have the case that an integro-differential equation whose 
solution is subject to certain boundary conditions is reducible to one or more 
problems in equations of more elementary character only when account is 
taken of these conditions. This is the point of view to be developed in the 
present paper. It is a point of view which can be extended to more general 
types of functional equations. 

We shall treat, in the following pages, the reduction of boundary value 
problems in the case of the integro-differential equation of parabolic type, 
and quite briefly that of hyperbolic type, to problems in linear differential 
and integral equations separately. It is worth. while perhaps to specially 
mention § 2, in which the generalization of the integro-differential equation 
of the second order to an equation of the first order involving integration 


* Presented to the Society, December, 1912, and December, 1913. Since the first writing, 
the paper has been entirely revised, partly to include new material, and partly to take ad- 
vantage of the material of Prof. W. A. Hurwitz’s thesis, Randwertaufgaben bei Systemen von lin- 
earen partiellen Differentialgleichungen erster Ordnung, Diss. G6ttingen, 1910, of 
which the author was ignorant at the time of the first writing. 

+ V. Volterra, Lectures delivered at the celebration of the 20th anniversary of the foundation 
of Clark University (Sept., 1911), p. 75; Sulle equazioni integro differenziali, Rendiconti 
della R. Accademia dei Lincei, vol. 18 (1909), p. 174; Sulle equazioni integro- 
differenziali della teoria dell’elasticita, ibid., vol. 18 (1909), p. 297. 
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around an arbitrary path demands a corresponding restatement and treatment 
of the non-homogeneous linear partial differential equation of parabolic type.* 


1. Tue INTEGRO-DIFFERENTIAL EQUATION OF PARABOLIC TYPE 


1. The region and its corresponding equation. For the parabolic differ- 
ential equation the earliest boundary value problems referred to an open 
rectangle as the boundary. Afterwards the results were extended to curves 
of a more general nature. 

In connection with the integro-differential equation 


du(x,t) u(x,t) -f{ L(t jolla 
- % ove Or 


ot Ox? 


there is a boundary value problem based upon the open rectangle: if under 
proper conditions a chain of values is given along the three sides of this rect- 
angle, the given equation then uniquely determines them along the fourth 
side. In fact, for all the partial integro-differential equations heretofore 
considered, the boundaries have been of this sort. And if we wish to extend 
the results to a more general type of region, it is also opportune for us, as it 
turns out, to consider a slightly more general type of integro-differential equa- 
tion. 

We shall take as the open boundary the curves ¢ = f on the left, and the 
curves x = &(t) above, and x = &,(t) below. We shall assume that 
£,(t) and &(t) and their first and second derivatives remain single valued, 
finite and continuous; moreover that £(t¢) > £(t) for any value of t = to. 
The derivatives £(t) and £(¢) are to vanish only a finite number of times 
in the interval fj = ¢=t,. For simplicity we shall impose also the unneces- 
sary restriction that x = £,(t) shall have no maximum and zx = &(¢) no 
minimum, in the interval t) < t < t;.+ 

We shall adopt Professor Hurwitz’s convenient notation ,2 for the space 
bounded by these curves and by the straight lines ¢ = a on the left and t = b 
on the right. 

Along the open boundary is to be given the continuous chain of values 


f(x) when t=t [f:(to) Sa S & (to) | 
(a) F(x,7T,)=%4¢:(t) when 2 ote 


Z£=*si 
.(t) when zx = &(t) ms se 


* For an extensive treatment of the differential equation of parabolic type see Hurwitz, 
loc. cit., on which our § 1 is based, and also for a treatment that demands different conditions 
E. E. Levi, Sul l'equazione del calore, Annalidi Matematica, vol. 14 (1908), p. 187. 

+ This restriction may be removed by an extension of the present method of proof, or by a 
continuous prolongation of the equation and its solution. 
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where the functions f (2), ¢:(¢), and ¢2(t) are supposed to have continuous 
first. derivatives in the range under consideration, and 7, is used to denote 
the t-coédrdinate of the left-hand point on the boundary whose other coérdinate 
is. When it is necessary to use the ¢-coérdinate of the right-hand boundary 
point whose other coérdinate is x, we shall denote it by #,, tz, ete., according 
as the right-hand limit of the region is formed by t = t, t = ht, ete. 

In connection with this region and these boundary values, we shall investi- 
gate the equation 


du(2x,t) en ; Ou (2,7) 
(1) ry _ ax? “7 A(2z,t,7T) Ss dr. 


z 


We shall say that a function w(2,¢) is regular with respect to this equation 
if within the region and on its boundary u and 0u/dx remain finite and con- 
tinuous, and within the region 0° u/dz? and du/dt exist except on a regularly 
distributed set of curves,* and are integrable linearly in the Riemann sense. 

2. The theorem of reducibility for equation (1). In equation (1) let 
A(a,t.7) and its first partial derivatives with respect to the three argu- 
ments be finite and continuous functions within and on the boundary of the 
region, and inside that boundary let 0A (2,t,7)/dr7 = Ai(a2,t,7) havea 
derivative in regard to x that remains finite and continuous, except on a 
regularly distributed set of curves. 

Under these conditions, there 1s one and only one regular solution u(x,t) of 
the equation (1), which joins on continuously to the boundary values (a). It can 
be reduced to the form 


(2) u(ay,t) = wait) — ff k (ai, tila, t)u’ (a, t) dxdt, 
tot, 


in which u’ (a, t) ts the regular solution of the differential equation 


Ou’ (x,t) Ou’ (2,t) —~ 
(3) at - ax? = — A(2,t, T,) F (2, T,) 

which takes on the boundary values (a), and k(2,ti|x,t) is the function 
associated to 


K (a1, ti|a, t) = ef (2s tla tr) A(2, t,t) 
(4) nines 


-f “Ay(2,7,t)9(2, rl, tx)de 
t 


by means of Volterra’s relation 


. See M. Bocher, Introduction to Integral Equations (1909), p. 3. 
Trans. Amer. Math. Soc, 32 
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k(ay,ti|a,t)+K(a,t|2,t) = [ff Kai te, 7)k(e, rle,t)dede 
12¢, 
(5) ' 
=f f(a 18,7) K (7 u,t)dédr. 


Qt, 
By g(x, t\a1, t,) is denoted the Green’s function for the equation 


Ou OU 


a * 
Ot = =dx’- 

It shou'd be noticed that w’(2,¢) depends on the boundary conditions, 
but that K(21,t:|2,¢) is independent of them, and is determined merely 
by the coefficients of the equation and the nature of the region. We shall 
now give a proof of this theorem. 

3. The equivalence of the integral and the integro-differential equations. 
By means of an integration by parts, the equation (1) may be rewritten in 
the form 


Ou(x,t) OPul(a,t) 


at age A(x, t,t)u(x,t)—A(a,t, Te) F(a, Te) 


(6) 


-f A;(x,t,7)u(a,7)dr. 
a 


z 


We have the theorem:| Jf d(x, y) is continuous in the given region, and 
if in the neighborhood of a point (21, y:) within that region 0¢/0x exists and is 
continuous, then the function 


l P 
ti(%,h) =- -|| g(x, t\a1,t)o(a,t)drd 


2Nre 


oD 
to2t, 


is regular in the neighborhood of the point (21, y:) and in that neighborhood 
satisfies the differential equation 


Ou Fu ee 
a da2— P'*9)- 
Moreover it vanishes on the open boundary of the region Q. 
If we examine the function A(2,t, 7,)F (2, T7,) we notice that its 


* We may write 
g(z,tlm,h)=haetg’, 
where g’ is regular and . 
hap (2, t|a1, ) = (21 ~#P - is 
siete (t; —%)6 
(see for instance loc. cit. Levi, § 7). 
t This is a slight but obvious generalization of Hurwitz’s theorem VIII 6b (Hurwitz, loc. 


cit., p. 85), to which the same proof applies. 
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derivative in regard to x exists and is continuous except on a finite number of 
lines parallel to the ¢-axis, namely, those lines which pass through points 
where £; (t) or &(¢) vanishes, and the two lines x = £,(t)) and a = £(fo). 
Hence we know that the regular solution wu’ (x,t) of (3), which satisfies the 
given conditions (a), exists and is uniquely determined. If we write then 
u(x,t)=wu'(x,t)+v(2,t) we have the following integro-differential 
equation to determine v (2, ¢) ; 
ws eb) — : aoe t) = Aits,t,f)ets,t)=— I Ai(2,t,7)v(2,7)dr 
(7) 
+A(2,t,t)w(2,t)- { A, (x,t, 7)u’(2,7)dr, 
/ 7, 


with the condition that it be regular, and join on continuously to zero boundary 
values. 

By means of the customary analysis with Green’s theorem, we find as a 
necessary condition on v(a,¢) that it satisfy the equation 


o(a1, 4) => ff 9¢z tla, t)| A(2,t, D0(2,0) 


to@ty 


- j A;(x,t, 7)v(2,7)dr ! dx dt 
T, 


1 + 
t3 -J J g(x, t|21, tr) A(x, t,t)w’ (2, t) 
2° | 


Qt, 


(8) 


-| A,(2,t,7)wu' (2, r)dr | dx dt, 
T, 


whence, if we add w’ (2, t;) to both members, it follows that we must have 


1 . 
u(a,th)= W (att oe f foes ther, th] A (et t)u(eyt) 
2Vrd « 
(9) fin 
— fi As(z,t,r)u (a, r)dr| deat 
T, 


This, by a permissible change in the order of integration, since g (2, t|21, t:) 


is a continuous function divided by vt, — ¢, may be written in the form 


(10) u(%,t,)= wait) + ff K(a, tle, t)u(2, t)dedt, 


toQt, 


where K(21,¢:|2,¢) is given by (4). It is necessary then that u (21, t:) 
be a solution of (10) within the region. 
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On the other hand if (21, ¢;) is continuous and a solution of (10), it will 
be regular and a solution of (1), and will join on continuously to the boundary 
values (a). In fact 


du du’ 1 Og (x, t\ay, ty) 
ar, -stselt -—< A(az,t,t)u(a,t) 


to2t, 


-f A,(a,t,7r)u(a,7r)dr;drdt, 
$; 


= 


and is therefore finite and continuous. Hence if we put 


(11) o(x,t)=A(2,t,t)u(a,t)— [ Ave, t,r)u(a2,7)dr 


z 


we see that 


0 e 0 9 
ote ) = a, LA(a,t, t)u(a,t) | -{| a, lAi(a,t, t)u(2x,7)]dr 


z 


+ Ai(2,t, Te)u(a, Te)? 


represents a function of x, ¢ which is continuous except for discontinuities 
regularly distributed. On some of these lines of discontinuity 0¢/dz will 
become infinite. But referring to the theorem of Professor Hurwitz already 
quoted, we see that the function i(2z,¢) determined by giving ¢(2,¢) the 
value from (11) will be regular and a solution of equation (7), which takes on 
zero boundary values. Moreover, as we see from equation (9) this %(z, t) 
is precisely u(a,t)— u’(a2,t) where u(2,t) is the supposed continuous 
solution of (10), and wu’(2,t) is the u’(z,t) already specified. Hence 
u(a,t) will satisfy (6), and therefore (1), will be regular, and will take on 
the given boundary values (@). Our assertion is therefore proved. 

It may be noticed here that the discontinuities in the derivatives of highest 
order in the integro-differential equation (1) appear as projected through 
the region from points on the boundary, on account of the dependence of 
the equation on the chosen region, a fact which has no analog in the theory 
of the parabolic differential equation. 

4. The integral equation (10) and its solution in closed form. It merely 
remains to show that (10) has a unique continuous solution, which can be 
written in the form (2). 

We can show directly that equation (10) has one and only one continuous 
solution. In fact, the solution may be written in the form of an absolutely 
and uniformly convergent series of continuous functions* 


* Evans, Sull’ equazione integro-differenziale di tipo parabolico, Rendiconti della 
R. Accademia dei Lincei, vol. 21 (1912), p. 28. The proof applies with obvious 
modifications to this case. 





1914] INTEGRO-DIFFERENTIAL EQUATIONS 


(12) u(ai,t) = Du™ (x,t), 


n=1 
where 


u™ (%,t,) = [ [ Kea, tle, tuo (2, t)dedt, n> Re 


e 
toQty 


The (2, t, ) = u’ (x1, ti). 


In order to reduce the solution to the closed form (3), we go through a 
process which incidentally gives us another proof of its existence. We must 
determine the function k(21,#:|2,¢) which satisfies Volterra’s relation 
(equation (5)). 

To this purpose let us consider the series formed in the usual way 


2 


(13) — )Ki(a, ti|z, t) 
1 
in which 


Ki (a1, ti|a, t) = K (21, tia, t 


Ki(a,tile,t)= ff K(x, tlg ,7)Kii(é, rla,t)dédr. 


12¢, 


Of this series every term but the first remains finite. In fact for the second 
term, since from the explicit expression for K (21, t:|a, ¢) 

MM 

ty —_ 7 . 


|K (a1, 4 /€, r)|= 


in which M is some constant, we have 


[ [ik a, ale, Ke ele, tds M 4 f= i 
(14) ah 4 t Vt, ~ vr _ r 
=7M? A, 


where A is some constant. Hence that term remains finite. The (n + 2)th 
term is in absolute value not greater than the expression 


C{D (ti — t)}" 


n=0 
n! F 


where C and D are certain constants,—provided of course that we are dealing 
with integrable functions. If we neglect for the moment this proviso, we see 
that the series, starting with the second term, is absolutely and uniformly 
convergent. 

The first term is integrable over the given 2, ¢ region for any given values 
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of 2:, t:, and is continuous in the neighborhood of any point (21, t:|2, t) 
provided that we do not have both 2; = x, and t; = t. It is understood of 
course that 4; =¢. Let us now consider the remaining terms in regard to 
continuity, and incidentally therefore in regard to integrability. 

The second term, as we have shown, remains finite, and is continuous 
except when we happen to have 2; = x, 4; = t. Let us then examine the 
value of this term in the four dimensional neighborhood of a point 

(X,7|X,T), 
where (X, 7') is within Q, and show that by taking our neighborhood small 
enough, we can make the value of this term as small as we please (= 7) pro- 
vided that we keep ¢; = t; in other words, that the second term is continuous 
at any point (XY, 7|X, 7), if it is given there the value zero. 

By referring to the explicit expression for K (a1, t:|x,¢), we see that the 
only term in Kz (2, t;|2,¢) that requires examination is 


= | | A (z, T MELEE t, t) e718 Ma—1) (E22 /A—1) dé dr. 
dr J Vi —-rVr-t 


Let us divide the region of integration for £ into three parts, c, to Y — A/2, 
X — A/2 to X + A/2, and X + A/2 to co, where c; and ce are respectively 
the minimum and maximum values of zinQ. If we write |A(2,t,t)|< N, 
and make use of the inequality (14), we see that the above expression is in 
absolute value less than the expression 


N2 A N2 2X—A2 ty e7 (-€)? A(t) —7)—(€—2)2/4( 7-1 
+ f az | dr 
4 4 J, dt rh ~ ts = 4 


N2 C2 at) e7(-éP 4(4)—7)—(E—2z)?/4(r—2) 
he aoe { dé | _———— dr. 
4 Jia et Vi; — tVr-—t 


Let us now choose |x, — X| and | — X|=A/4, and A small enough so 
that the first term of the expression is less than 7/3. In the two integrals, 
the values of |a, — | and |£ — z| will always be at least as great as A/4, 
and the integrands therefore less in absolute value than a certain constant, 
independent of the choice of 2 and 2; within the given interval. Hence if we 
take |t; — 7| and |t — 7'| < e, keeping t; = t, we may choose ¢ small enough 
to make each integral separately in absolute value less than 7/3, and thus 
verify the desired inequality. 

Accordingly the second term in (13) is continuous within the region. Hence, 
as is immediately verifiable, all later terms are continuous in the same region. 

If now we define k (2;, t:|2,¢) as the series (13), it will obviously satisfy 
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the symmetrical relations (5). The continuous function u(2,¢) defined by 
(2) is now seen to be the same as the uw(2,¢) determined by (10); for from 
the symmetry of the relations (5) and of the equations (2) and (10), it follows, 
in the usual way, that the u(x,t) defined by (2) is the unique continuous 
solution of (10). Thus the closed form of the solution is established. 


2. THe GENERALIZED DIFFERENTIAL AND INTEGRO-DIFFERENTIAL 
EQUATIONS OF PARABOLIC TYPE 


5. Introduction. The complication of the methods of §§ 1-4, which are the 
classical methods, is due to the fact that we must insure the existence of 
0?/d2* and 0/dt for functions which we wish to consider as possible solutions 
of any of the various parabolic equations. The possibility of avoiding these 
complications is suggested by trying to consider the complex of derivatives of 
highest order as a single differential operator 

oe fe) 
dx at’ 
rather than as the combination of two. 

Such a definition may be reached in several ways: we may for instance in 
forming this expression require that the increments of 2 and ¢ continue to 
satisfy a certain relation as they approach zero.* It is more convenient for 
us, however, because closer to a possible physical interpretation and less 
laborious in its analysis, to define the operator by substituting for the parabolic 
differential equation 
(1) ot 54 =f (2,0) 
the generalized equation 


(1’) J | Seat nae | = [fia naeat 


in which s is an arbitrary closed curve of a kind later to be described, and o 
is the enclosed region.f Similarly for the integro-differential equation 


* We can generalize Green’s theorem so that it applies to this operator. The corresponding 
operator has been defined by H. Petrini in the elliptic case for Poisson’s equation, Les dérivées 
premiers et secondes du potentiel, Acta Matematica, vol. 31 (1908), p. 127-332, see 
introduction and page 181. 

+ Compare Professor Boécher’s treatment of the equation A? u = 0 by means of the relation 


ff au on = 0. 


M. Bocher, On harmonic functions in two dimensions, Proceedings of the Ameri- 
can Academy of Science, vol. 41 (1905-06). 
We may regard the passage from equation (1) to equation (2) as equivalent to defining 


; ek f a 
(2 -5) -in- [fate )ae |. 
The corresponding definition is used by Ignatowsky, Die Vektoranalysis, Leipzig (1909-10), 
in his treatment of A?, but his treatment is not exact at all points. 
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Ou Ou . 
Ot ax? =f Alet, r)u(a, rar 


we can substitute the generalized equation 


[| Seat uae |= ff ao f A(x,t,r)u(x,7)dr. 
Je x g T, 


By establishing the corresponding generalization of Green’s theorem we 
can give a treatment of the boundary value problems for these equations. 
It is not necessary that any derivative of f(z, t) should exist, or that f(z, t) 
should satisfy any restriction of the type of Levi’s condition,*—a result that 
applies also to the corresponding generalization of the non-homogeneous 
elliptic equation. Likewise in the treatment of the integro-differential equa- 
tion, it is unnecessary that any derivative of A(2,t,7) should exist, or that 
A(2x,t,7) should satisfy Levi’s condition. 

6. Regular functions, standard curves, and Green’s theorem. We say 
that a function is regular with reference to a generalized parabolic equation 
and a given region if with its first derivative with respect to 2, it is continuous 
within and on the boundary of the region. The generalized parabolic equa- 
tions are defined with reference to the integration of regular functions along 
certain classes of curves within the given region. These curves may be called 
standard curves and defined as follows. 

A standard curve is a closed curve which does not cut itself at any point, 
composed of a finite number of branches. For each branch, the coérdinates 
of a point are given by two functions ¢(q) and ¥(q), throughout a finite 
interval for g; ¢(q) and Y(q) are assumed to be continuous throughout the 
closed interval, and therefore finite, with their derivatives of the first order. 
It is assumed that #’(q) and y’ (q) vanish only at a finite number of points, 
and do not both vanish at the same point. Hence no line parallel to the 
z-axis or f-axis can cut a standard curve in more than a finite number of 
points, unless it includes itself a branch of the curve. 

We are now in a position to state Green’s theorem: 

If u and v are regular, and f and g are continuous, throughout a given simply 
connected region, and if for any standard curve s contained wholly within the 


| | dt + ude | =| f sao 
[| - Seat ear | = ff ode 
(3) f| (05 - use) dt + wade | = ff cftup)arde. 


* Levi, loc. cit., § 8, Art. 23. 


region 


(2) 
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7. Proof of Green’s theorem. Let us form the functions 


r= ff a’ f u(x+z2’,t+t')dz’, v={ a” o(ata”’,t+t’)dx” - 

0 0 0 0 

r=[ a { f(at+a2’,t+t’)dz’, c= [ ae’ { g(ata”",t+t’) dx” 
0 0 0 0 


keeping |t’| < a, |2’|< a, |t’’|< a, |x| < a, where a is a positive constant 
less than the smallest distance of any point of s to the boundary of the given 
region. 

If we displace the standard curve s parallel to itself by an amount whose 
components are 2’, t’, it will still remain within the region, and equation (1) 
will give us, by the corresponding change of variable, 


f[@S43 ,t+?) dttu(ete’,t+t)dz| 


Ox 
=f fiete tte ded. 


If we integrate this equation from 0 to 2’ in regard to 2’ and from 0 to ¢’ in 
regard to ¢’ we shall have 


(4) f|="5 (2, rifled P ft) 4 U (zg, x’: ., yar |= f [Feast tydedt, 


since all the functions involved are continuous. But by a change of variable 
=x+2',n =t+, the expression for U becomes 


t+ t’ aa! 
v= [0 dof us, n)ae, 


so that we have the formule 


oU wt+t’ 
Ox -| {u(z+2',9)—u(z, n)}dn, 


au ot 
af ule, tte) —u(e, Onde, 


#U wr {Sete te) mute. n)| 
‘ ~ ~tdn, 
t 


6x2 Ox Ox 


all functions which are finite and continuous in o and ons. Hence 


re) aU 0U 
SS (a -Fe)e =f [fat cael. 
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But F is continuous in a, and therefore from (4) we have 


OU (z,2';t,t) #fU(2z,2;t,t) 


ey ar = F(z,2’';t,t’). 
Similarly, we find the equation 


OV (x, x”: t, t’’) eV (2, a”: i‘ g”) ; de a 
at t ax Sattalites 


From these two equations it follows by means of Green’s theorem, as ordinarily 
stated, that 


> T ‘ ik Be 
| { v2, 2"; 4, 0) PEE ) 


er (a, 0°38, 8") 


— U(z,2’;t,#) ax | at + U2, 2'st,0) 


Kx V(r, 2st, t”) ar | = ff | (a, a°st, 0) Fa, 25 t,F) 
+ U(2,2';t,U)G(2,2";t, tt’) do. 
Referring to the definitions of U and V , F and G, we see that 
ee RT as 
- - SUL —2Z, + }> Ox” at”’ 


aG 
Ax” at’ 


=v(r1+27",t+?’), 


=f(x+a2’,t+?), =g(ra+2",t+?”). 
Hence if we differentiate (5) in regard to a’, t’, 2’’, t’’, under the integral 
sign, as we have a right to do, since the resulti:, functions are all finite and 
continuous, we get the formula 


f[focet are ey MEFELEO 
, x 


Ov(ata’,tt+t” 


—u(xt+a2’,t+?) ar | dttu(etal tte) 


xo(eta”tti’)de|= ff {owte”t+t’) 


Xf(ata2’,t+t)+ u(eta,t+t)g(xt2",t+t") bdo. 


If in this we put 2’ = 2” =?’ = t” = 0 we get equation (3), which we wished 


to prove. 
If the boundary of the region is a standard curve the theorem will still hold if we 
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take s as the boundary itself. This can be shown by extending the function u 
across $ in the following manner. 

Let us isolate each vertex of the curve, and each point of the curve where 
there is a vertical tangent, unless it is an interior point of a vertical branch of 
the curve, by a small circle. Consider the portion of the curve between two 
successive circles. If this portion is vertical, we shall define u and du/dz 
throughout a small neighborhood on the outside of the curve by means of 
the values which they possess on the vertical line itself for the same value of x. 

If the portion is not vertical it will not have a vertical tangent at any 
interior point. Let us denote by r(t) the values of du/dz along this portion 
of the curve, and define u throughout a small neighborhood on the outside of 
the curve as that solution of the equation 


Ou 
da = 84) 


which takes on along the curve itself the already known values of wu. 

I’ now we surround each circle by a slightly larger circle, and take as a 
contour s’ the curve composed, first, of the portions of s between the successive 
circles, last constructed, and second of the portions of these circles interior 
to the region, we shall have for s’ , if we take the circles small enough, a standard 
curve, and it will lie wholly within a region for which uw and du/dz are con- 
tinuous. Green’s theorem will then hold for s’. We get Green’s theorem 
for s if we let the circles approach zero as a limit. 

8. The generalized parabolic differential equation. As the region to be 
considered, we shall understand that enclosed by the lines ¢t = fo on the left, 
and ¢ = ¢, on the right, and by the curves x = &(¢) above and x = &,(¢) 
below. We shall assume that £,(¢), £2(¢) and their first derivatives remain 
single-valued, finite, and continuous, and that &(t) > é&(t),t2t. The 
functions £,;(¢) and (t) are to have only a finite number of maxima and 
minima in the interval f) =t=t,. 

Along the open boundary is to be given the continuous chain of values 
(a) of $1, under the conditions there stated. The function f(2, ¢) is to 
be finite, and continuous within the given region. 

Under these conditions there is one and only one regular solution u(a,t) of 
the generalized parabolic differential equation (1'), which joins on continuously 
to the boundary values (a). It has the form 


(6) u(a,t)= Wa t+o= ff ox tlar, ti )f(a,t)dxdt 
a NT 


p2@r 


where u' (21, t,) is the regular solution of the equation 


7) du'(x,t) OP u'(2,t) 
«) at t—<“<ié«iE 
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which joins on continuously to the boundary values (a) ,* and g(x, t\a1,t,) is 
the Green’s function for this same equation. 

From Green’s theorem it follows that under the given conditions the solu- 
tion of (1’) must necessarily have the form (6). On the other hand we can 
show directly that (6) does give us a solution which takes on the boundary 
values (a). In fact we shall show this if we show that the function 


1 y j 
) s(t) = 0 f f g(2,tla, f(a, t)de dl 
a VT 


tot, 


is regular with respect to (1’), takes on continuously the value zero on the open 
boundary, and satisfies (1’). 
Let us write 


a(x,7)= Z(2x,t)+w(z, t) 


and 


1 P 1 2 
Z(%1,t1) = —- | { g -eFhO-D) F (2 t)da dt. 
2Nr P vi; —t 


tor’ ty 


We know that Z (21, t,) is regular with regard to (1’) since with its derivative 
in regard to z it is continuous within and on the boundary of 2.7 It is also a 
solution of (1’), as we can show by performing the indicated integration. 

9. Formule of integration. Let / be a straight line lying wholly within Q, 
of which the end points are (a;, 6;) and (a2, be), with b. > b;, and let 2’ 
be the x coérdinate of the point on that line whose other coérdinate is ¢, i. e. 


a2 — 


ey lee 


2’ = 


bi) + ay. 
If we enclose this line in a small parallelogram, which we allow to vanish, we 


can easily deduce the following formule. 
If / is perpendicular to the t-axis, we have 


[des ff hore (a, then, tr) (a, t) deat 
ay 1 fe 
= lim f f de dt (x,t) [hore (2, thar, tr)dn. 
6=0 a 


to@t,-8 


(I) 


If 1 is not perpendicular to the ¢-axis, we have 


* For the existence and uniqueness of u’ (xz, ¢) under these conditions see G. E. Levi, 
q 
loc. cit., §§ 2, 5. 
t See E. E. Levi, loc. cit., p. 234. See also § 7. 
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J des ff terete, tlai,ti)f (a, t)dxdt 


liad 
~ J Jeasee of ho 12 (2, t\r1, t,) day, 


tod pee 


fa ff hale, the, afte, Oded 


qu) = 
= ff avatsf(e, t) J hs (x, tlar, tr) dt. 


to2be 
In these formule, as before, we write 


(21 —_ ay (tia) 


hap (x, t|21, ti) a (ty i t)® 


from which it follows that 


0 
Ba, More (2: tlar,t:) = — 43 Iyso(a, tlar, th). 


10. Application to equation (1’). With reference to these formule let us 


iE a ats + zaes |, 
Cc 


form the expression 


where C denotes a closed polygon of a finite number of sides, the boundary 
of which does not anywhere cut itself. If we denote by ,C the portion of the 
contour composed of points of which the ¢-coérdinates are greater than the 
value ¢, and by b the maximum ¢-coérdinate for any point of the contour, 
we shall have the equation 


OZ (21, t 
fl * 1) ay +Z(2x, i) dr, | 


—* gh J eaite. nf [4 Han, t) dts there (2, tla, des |. 


The sali integral of the second member of the above equation is 
however, as is well known, equal to 
2vxr if the point (2, t) is inside C, 
0 if the point (2, ¢t) is outside C, 


since ho, is itself a solution in 2, t; of the homogeneous partial differential 
equation (7). The boundary points form an aggregate of zero external 
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measure, and since the curvilinear integral remains finite, contribute nothing 
to the value of the second member. If then we divide ;,Q into two parts, 
one consisting of the portion of Q inside C, and the other the portion of Q 
outside C, we observe that the value of the double integral over the latter 
portion is zero, on account of the zero factor in the integrand. Hence we have 


. AZ Se. 
Ae ath + Za, tid | = [ [se oaca, 
/C Ox, ‘ . 


the double integral being extended over the interior of C. 

Let us now finally consider any standard curve entirely within 2. In the 
first place it is rectifiable, and its length is by definition the limit of the peri- 
meter of an inscribed polygon as the vertices of the polygon become infinite 
in number, in such a way as to make the polygon approach the contour. In 
order to construct the approximate polygons in a perfectly definite manner, 
we may imagine the ith branch of the standard curve s to have the coérdinates 
of its points expressed in terms of the parameter q, as we have already de- 
scribed, and take as the vertices of the polygon the n; interior points of division 
corresponding to equally spaced values of g in the interval (the vertices of 
the curve therefore are not vertices of the polygon). By taking every n; large 
enough, we get in this way a polygon of the kind already described, namely 
one of a finite number of sides which does not cut itself. If we denote the 
total approximate polygon by C,, we shall have 


J | Sade + Zac | -f{ f(a,t)dzdt. 
C, ‘ Jc. 


As each n; becomes infinite the right-hand member approaches the double 
integral over o¢. The left-hand member approaches the integral over s, 
since the functions Z and 0Z/dz are finite and continuous, and the curve s 
is rectifiable. In fact the integral around s may be regarded as the limit of 
a sum, the values of the functions being taken at the vertices of the polygons; 
and from the continuity of the functions u and 0u/dz in the two-dimensional 
region it follows that the integral around C, can also be made to differ by as 
little as we please from that sum, and from its limit, by taking all the n; large 
enough. 

The function Z is therefore a solution of equation (1’). 

Let w(2x,t) be that solution of (7) which has on the open boundary of Q 
the same values as Z(2x,t), reversed in sign. Since Z(2,¢) is finite and 
continuous within and on the boundary of 2, w(2,t) will be regular with 
respect to (7), as the existence theorem for (7) tells us. The function 


Z(x,t)+w(2,t) 
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will therefore be regular with respect to (1’), will take on zero values on the 
boundary of Q, and will satisfy (1’), for any standard curve lying wholly 
within the boundary. It follows moreover from Green’s theorem that it must 
be expressible in the form (8). This is what was to be proved. 

11. A generalized integro-differential equation. Let us consider now an 
integro-differential equation of parabolic type corresponding to the region ©. 


If we denote by f integration along that portion of a line parallel to the axis 
tot 

of ¢ which is inside the region 2 and between the lines ¢ = ¢) and ¢ = ¢;, the 

integral equation that we desire to consider may be written 


where by s is meant any closed contour of the kind that we have already 
specified. 
If w(x, t) is continuous, the quantity 


| A(ax,t, r)u(x,7)dr 


will be a continuous function of 2 and ¢t.* Hence by the theorem of § 5, 
in order that u(2,t) be the regular solution of (9), which takes on the bound- 
ary conditions (a) it is necessary and sufficient that it be a continuous solu- 
tion of the equation 


u(a,t) = wu'(%,t) 


1 . 
+ -{{ dx dt g(x, t\«1, th) [ A(z, t, r)u(z, t)dr. 
2Nr e e 


Qt, tot 


(10) 


This equation, however, is merely an integral equation similar to that 
already discussed in part 1. For by rewriting this equation in the form 


u(a,t) =u’ (a, t) 


1 ¢ : 
+ =f de f dtg(2, t\z1,t) | A(a,t,7r)u(a,7)dr, 
2A de, 


e 
to ty tot 


* According to our conditions the boundaries x = £,(¢) and x = &(¢) cannot have 
portions consisting of horizontal straight lines. If it is desired to admit these, we must also 


generalize the theorem of § 4 to apply to functions f (2, ¢ ) which are finite and discontinuous 
in a regular manner, — a generalization which is immediate. 
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and interchanging the order of integration with respect to ¢t and r we have 
the equation 


u(%,t) = w' (am, tr) 


+2 [" de [ dru(e, r) f 9(2, ther, t)A (2, t, r)dt, 
IN C1 a ‘ 


which is again the same as 


u(x,t) = u’ (a, th) 


+5 ef feduce, nf ace, 7\a1,t,)A(a,7,t)dr. 


tot; 


(11) 


But this equation, according to the method of part 1, has a unique continuous 
solution of the kind there specified. We have then the following 

THEOREM. There is one and only one regular solution u(x,t) of the equa- 
tion (9) which joins on continuously to the boundary values (a). It may be 
reduced to the form 


u(%,t) = wait) —f f k (a1, ti|a,t)u’ (2, t) dz dt, 
to2e, 


where k (a1, ti|a, t) is the function associated to 


=f o(z, 7\%1,t,)A(2,7,t)dr, 


e 
tt 


by means of Volterra’s relation. 


3. THe INTEGRO-DIFFERENTIAL EQUATION OF HYPERBOLIC TYPE 


12. In this last section we consider very briefly the hyperbolic integro- 
differential equation of the following simple type,* 


Pu(x,t) Pu(zx,t) oe weet) 
(1) ee -{ A(z,t,r) —7;> a, 


in which A (2, ¢, 7) isa continuous function, with continuous first derivatives, 


in a region 
0 


IIA 
IIA 
IIA 


T t r 


a-r+eiszseea+r—l. 


* This equation has been treated by the method of partial solutions by V. Volterra, Vi- 
brazioni elastiche nel caso della eredita, Rendiconti della R. Accademia dei 
Lincei, vol. 21 (1912), p. 1. See also V. Volterra, Lectures delivered at the celebration of 
the 20th anniversary of the foundation of Clark University (1911), p. 80. 
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The region of variation for the point (2, ¢) is thus a triangle whose vertex is 
at the point (a,r) and whose base is on the z-axis bounded by the points 
(a —r,0) and (a+r,0). The solution of this equation is to be regular,* 
and is to satisfy the boundary conditions 


u(x,0)=f(2), 


ou (z,t) 
| at |_,-#@, 


in which f(x), f:(2) and their first derivatives are continuous functions 
of x in the range of valuesa —~r=Szx=a+r. 

As long as we base our treatment on the characteristic function of Riemann, 
which is itself regular, there is no need of generalizing the equation in order 
to get rid of the second derivatives. We therefore limit ourselves in this sec- 
tion to a treatment that corresponds to §1, and content ourselves with a 
bare mention of the resulting theorem. 

THEOREM. Under the given conditions for A(x,t, 7) there is one and only 
one regular solution of (1), u(x,t), which joins on continuously to the boundary 
values (8). It may be reduced to the form 


(8) 


(2) u(x,t) = u’(z,t) — fag (ue, tle, r)u'(é,7)dr, 


where 
tm =t—ax+é for E=2 


t =t+a-—£& for 22, 


where u' (x,t) is the regular solution of the equation 


@ul(x,7) _ Fu'(xst) yo, 4 dw (2,t) 
02” at eT at 
OA 2. f, P 
(3) [4G tO) wer) 


A(2z,t, fT 
= —A(z,t,0)fi(x) + [ASE] pe) 


that takes on the boundary conditions (8), and where l(x, t\|£, 7) is the func- 
tion associated to 


“te 0A (2x, t, 
(4) L(m,tl2,t)=5 | G(x, ti|z, 7) ac ies 





* That is, is to be continuous, with continuous first derivatives, and integrable second 
derivatives ( 9?/dz? and 0?/df?) in the given region 0OStSr,a—r+tSxrSa+r-t. 


Trans. Am. Math. Soc. 33 
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by means of Volterra’s relation. By G(21,ti|2,t) is denoted Riemann’s 
characteristic function for equation (3).* 

In the case of the region that we are considering Volterra’s relation may 
be written as 






Pa 

















(5) l(a, t\2,t) + L(a,t|a,t) = f f Lia,tle,r)U(g, riz, t)dedr, ; 


the double integration being extended over the shaded area in the accom- 
panying diagram. 


Tue Rice InstITUTE, 
June, 1914. 





* That is, the solution of the equation adjoint to the first member of (3), which takes on 
the value 1 for z = 21, y = y:, and satisfies the conditions : 


5d4G_A(z,t,t) . - 
Va, = 2 G along the line x —t = 21 —t; | 
and : 
yo A(z. tg along the linez +t =ai+h. 
ds» 2 
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INVARIANTS IN THE THEORY OF NUMBERS* 


L. E. DICKSON 


1. Polynomials in the coefficients of a form f (21, --+, 2.) which have the 
invariantive property with respect to all linear homogeneous transformations 
on 21, -*+, 2, with integral coefficients taken modulo p, where p is a prime, 
are called formal invariants modulo p of f if the coefficients of f are independent 
variables, but are called modular invariants if the coefficients of f are integers 
taken modulo p. The concept of formal invariants modulo p was introduced 
by Hurwitz;{ but the only known results concerning them relate to the binary 
quadratic and cubic forms.{ On the contrary, a simple and effective theory 
of modular invariants has been g'ven by the writer. A new method of de- 
riving modular invariants from seminvariants is given in $8. But the main 
purpose of this paper is to present a simple general method of constructing 
formal invariants. The method is applicable also to formal seminvariants 
and, more generally, to the invariants of any linear congruence group (§ 7). 
Moreover, the new point of view forms an adequate basis for a general theory 
of formal invariants. 


CONSTRUCTION OF ForMAL INVARIANTS 


2. The method of construction will first be illustrated by the simple example 
of the binary quadratic form 


Q = ax? + bry + cy’ 


for the case of modulus 2. The only real points (i. e., with integral codrdinates) 
modulo 2 are 


P, =(1,0), P, = (0,1), P; =(1,1). 
The corresponding values of Q are 
a, Cc, s=at+b+e. 


By the interchange of x and y in Q, a and ¢ are interchanged, also P; and P:. 


* Presented to the Society at Providence, September 7, 1914. 
tj Archiv der Mathematik und Physik, ser. 3, vol. 5 (1903), p. 25. 
t Dickson, On Invariants and the Theory of Numbers, Madison Colloquium Lectures, Ameri- 
can Mathematical Society, pp. 40-54. 
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By the transformation 2’ = x + y, y’ = y, Q is replaced modulo 2 by a form 
with the same a and b, but with c replaced by s; then ¢ and s are interchanged, 
as well as P2 and P;. Since any binary linear transformation with integral 
coefficients modulo 2 is generated by the preceding two, it follows that any 
such transformation gives rise to a permutation of a, c, s amongst themselves, 
and the same permutation of P,, P2, P3;. Hence any symmetric function 
of 1, ¢, 8 is a formal invariant modulo 2 of Q. 
The elementary symmetric functions are, modulo 2, 


b, q=@+ac+e+(a+ec)b, k =ac(a+b+e). 
They form* a fundamental system of rational integral formal invariants 


modulo 2 of Q. 
3. Consider the system of forms Q and 


Ll = nx + ky. 


The values of / at the points P,;, P2, P3 are n, &, n + &, respectively. The 
latter undergo the same permutation as the P ’s when / is transformed linearly 
(§ 2). Hence, if ¢ is any polynomial in two arguments, 


o(a,n), o(c,&), o(s,n + &) 


are permuted amongst themselves when Q and 7 are transformed linearly 
modulo 2. Hence any symmetric function of these three @’s is a formal 
invariant modulo 2 of Q and I. 

Taking ¢ (a, 7) to be 7, an, and an’, in turn, and employing the elementary 
symmetric functions in each case, we get the following formal invariants of 


@ and I: 
N=L+inta, w=m(EFn), Fe(atbEt(b+e)n, 
t=acin+s(an+c&)(E+n), w=(at+b)& +(b+e)7’, 
v = act n® + 8(an? + ch) (2 +77), 
and kr,kx?. From ¢@ = an’, we get 
U =(a+b)#+4+(b +c) = du + jr. 
Also t and » can be expressed in terms of simpler invariants: 


t=qv0. + 7 + bu, v=gv’+u?>+0U. 


Whether or not the reduced set b, g,k,X, 7,7, wu form a fundamental system 
of formal invariants modulo 2 of Q and / has not been investigated. 
But if we pass to modular invariants by regarding a, b,c, £, n to be integers 


* Madison Colloquium Lectures, p. 42. 
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taken modulo 2, we have k = bg, r = 0, u =j, and the reduced set b, q, 
, j form* a fundamental system of modular invariants of Q and I. 
4. Passing to the general case, let 


fata, °**, Be); welt fe(a1, +++, tn) 


be forms of total degrees d,, --- , d; in the independent variables 2, ---, 2. 
Let the modulus be p and let g; be the greatest common divisor of p — 1 
and d;. Set q; =(p—1)/g;. Then for any integer p not divisible by p, 


pu “ ( p? )“ i=] (mod p) ’ 
by Fermat’s theorem. Hence, since f; is of degree d;, 
[fi( px, s+, pan) |" = [fi(a, coe, By) )™ (mod Pp). 


Using homogeneous coérdinates, let (21, ---,2,) be the same point as 
(pai, ***, pan), When p is any integer not divisible by p. The preceding 
formula shows that f% has a definite value at each real point (i. e., one with 
integral coérdinates taken modulo p). The values at the various real points 
are merely permuted amongst themselves by any linear homogeneous trans- 
formation on 21, «++, 2, with integral coefficients taken modulo p. In fact, 
the real points are permuted by such a transformation. We thus have the 

THeoreM. We obtain a formal invariant modulo p of the system of forms 
fi(ai, +++, %),t =1, +--+, t, of we take any symmetric function with integral 
coefficients of the quantities 

o( fi, ae’ ?) 
given by substituting in turn for the x’s the codrdinates of the 
P=l+pt+pte:- +p" 


real points. Here @ is any polynomial in its t arguments with integral coef- 
ficients, and q; is the quotient of p — 1 by the greatest common divisor of p — 1 
and the degree of f;. 

Each q; is unity if p = 2 (cf. §§ 2, 3); also if p = 3 and each f; is of even 
degree. For example, if ¢ = 1 and 


f =fi = ax? + 2bry + cy’, 


and p = 3, the values of f at the P = 4 real points (1,0), (0,1), (1,1), 
(— 1,1) are respectively 


a, Cc, a—b+e, a+b-+e. 





* Madison Colloquium Lectures, p. 57. 
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The elementary symmetric functions reduce modulo 2 to zero and 
ac — Bb’, (a+c)(a+b—c)(a—b-e), 
ac(a+b+c)(a—b+e), 


respectively. The first is the discriminant D of f. The last two are y2 = T 
and ayo = J in the notations of the Madison Colloquium Lectures, pages 43-45. 

A further evident invariant is the product of all non-proportional linear 
functions of a, b, e with integral coefficients taken modulo 3. Hence its 
quotient 

B =b(b+a)(b—a)(ce —a)(e —b) (ce +b) 

by IJ is a formal invariant. In the place just cited it was proved that D,T, 
J , B form a fundamental system of formal invariants modulo 3 of f. 

If p = 5, the sum of the products by twos of the squares of the values 
of f at the six real points is 

3 (ac — 6b)? (mod 5). 

Hence as before we are led to the algebraic discriminant, as well as to invari- 
ants peculiar to the number theory case. 

5. The present method is particularly useful for forms in three or more 
variables, since the construction of formal or’modular invariants by earlier 


methods is excessively laborious and dependent largely upon special devices. 
As an illustration, consider 


F(z) = 4, Xo %3 + 2%, %3 +3 %1%2 + by x? + bo x + bs x3 
for the modulus 2. Its values 2; for the seven real points are 


bi, be, bs, a, + be + bs, dz +b, + ds, a3; +b; + be, 


> (a; + b;). 


Since their sum is zero modulo 2, we readily get 
>. m1 = Dard; + Do aj +a, a2 +4143 + a2 03 = a, 
> fv = Don m3 = Dia bi + Daibh + Domai, 
S> v1 V2 03 %y = & DDT + YS arbi (ay + bi) (be +3) + SS ay ae dy be 
+ (a; dz a3 + a; a2 bs + a1 a3 be + a2 361) > ay 
+ © bi + SY di br + by be bs Da. 
The second is congruent to the sum of the formal invariants 


A =a, 02,43 + Doaih,, Ai = a1 4243 + }o a bi + Soa ai, 
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which, with a modular invariant J, are given on pages 69 and 74 of the Madi- 
son Colloquium Lectures. Note that A is the discriminant of F . 

If we take each a; and b; to be an integer modulo 2, we find that our third 
invariant reduces to the modular invariant J +a+1. SetA =a+A+l1. 
It is proved on page 76 of the same book that A, A, and J form a fundamental 
system of modular invariants of F. 

As shown indirectly in § 6, we cannot construct a fundamental system of 
modular invariants of F by use of the real points only, but succeed if we use 
also points whose coérdinates are Galois imaginaries. 


CRITERIA FOR THE EQUIVALENCE OF MopULAR Forms 


6. An important application of modular invariants is that to the question 
of the equivalence of two modular forms under linear transformation with 
integral coefficients taken modulo p. We can treat this question by means 
of the idea underlying the foregoing construction of invariants, without 
actually constructing them. For example, consider the ternary quadratic 
form modulo 2. As well known, such a form is equivalent to one and but 
one of the forms 


2X2 + 23 [4], 21%. +2} + 23 [6], 21 X%2 [2], xj [4], 0[0]. 


After each form we have given the number of real points for which it is con- 
gruent to unity modulo 2. Hence no two of these forms are equivalent, with 
a possible exception in the case of the first and fourth. To show by the same 
method that the latter are not equivalent, we employ the points each of 
whose coérdinates are 0, 1, j or 7 +1, where j is the Galois imaginary for 
which 

(1) f+j+1=0 (mod 2). 


Now 2j vanishes for just five such points, viz., (0,0,1) and (0,1,a), 
wherea = 0,1,jorj +1. Buta 22 + 23 vanishes for just nine such points, 
viz., (0,b,0), (6,0,0), (1,6,6?), where b =1, 7, or j7 +1. Hence 
the two forms are not equivalent. 

The second of our five forms vanishes for just nine such points, viz., 
(0,0,1), (1,j,@), (1,7 +1,a@). Finally, 2, 2. vanishes only for nine 
such points. Hence the five forms vanish for respectively 6, 8, 4, 2, 14 
imaginary points whose coérdinates depend upon j. Thus the classes of 
conics modulo 2 are completely characterized by the number of their imaginary 
points whose codrdinates are functions of a root of (1). 

We readily find the characteristic invariant J; for the kth class, i. e., an 
invariant with the value unity for any form in the kth class and the value 
zero for the remaining forms. For the class represented by our second form, 
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I, is the sum of the products six at a time of the values of F for the seven 
real points. For the class represented by 2; 22, J; is the sum of the products 
by twos of those values. We get J; + J, by using the products by fours; to 
get J, itself, we employ imaginary points as above. Finally, 


14+h+]24+13 +14 = Is. 


CONSTRUCTION OF FoRMAL SEMINVARIANTS 


7. The preceding method is readily extended to the general case of the 
formal invariants of any system of forms under any group of linear trans- 
formations modulo p. 

By way of illustration, consider the form Q of § 2 and the group composed 
of the identity and 
T: “=rt+y, y =y (mod 2). 


It is therefore the question of the formal seminvariants of Q. Since T leaves 
unaltered the point P,; of § 2 and interchanges the points P, and P3;, a and 
any. symmetric function of ¢ and s are formal seminvariants. The elementary 
symmetric functions are a + b and cs. These with a form in fact a funda- 
mental system of formal seminvariants modulo 2 of Q (Madison Colloquium, 
page 42). 

Similarly, the system of forms Q and / (§ 3) have the formal seminvariants 
modulo 2 


a, nN; o(c,&) +o(8,n +6), o(c,&)-o(8,9 +&), 


where ¢ is any polynomial in its two arguments. 


DERIVATION OF MopuLarR INVARIANTS FROM SEMINVARIANTS 


8. The method will be illustrated for the binary quadratic form Q (§ 2) 
and the modulus 2. The coefficients are integers taken modulo 2. To make 
the treatment self-contained, we shall first derive a fundamental system of 
modular seminvariants. The transformation 


Ul 


(a +ty,y): ve =xz+ty, y =y 


replaces Q by az? + bry + c’ y’, where c’ =c +(a+6)t. Hence a and b 
are seminvariants of Q. If a +b =1, we take t =c and havec’=0. If 
a +b =0, then c’ =c and the value of ¢ is given by 


J=(l+a+b)e. 


Since J has the same value for equivalent forms Q, it is a seminvariant. The 
first column of the following table gives a representative of each class ¢1, +++ , ¢ 
of forms Q. 














e 
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REPRESENTATIVE OF THE Dersaunmp BY CHARACTERISTIC 
Crass SEMINVARIANTS SEMINVARIANT 

Lottmed a=b=1, J=1 x = abJ = abe 
Q2 = 2? + zy a=b=1, J=0 ab(J+1)=2-+ ab 
Q:=y¥ a=b=0, J=1 DAA bat EA fade 
Q, =0 a=b=0, J=0 sill 5 Salil 
Q; = z* a=z=1, d=0 +1) 
Qs = ry a=0, b=1 (ati)e 





. 


By definition, the characteristic seminvariant of a class c; is one having the 
value unity for each form of the class c; and the value zero for each form in 
the remaining classes. In the present case, the characteristic seminvariant 
of class c; was found by inspection from the values of the seminvariants in 
the second column which specify that class,—it is a product in which any 
factor is one of those seminvariants or the sum of it and unity, according as 
the seminvariant is 1 or 0 for the class. 

To derive the invariants of Q from its characteristic seminvariants, we 
separate the forms Q into classes C; of equivalent forms under the group G of 
all binary linear transformations modulo 2. Now G is generated by (2 + y, y) 
and (y,2). Since classes c1, --+,¢, are each composed of a single form, 
and since the forms Q; and Q, are unaltered by (y, x), while Q2 is changed 
into a form of cs, and Q3 into Q;, we see that the classes under G are 


C, =e, Cz. =¢2 +66, C3 =¢3 +65, Cy =e%. 


Hence, for i = 1 or 4, the characteristic invariant J; for class C; is the 
characteristic seminvariant for c;. But J, is the sum of the characteristic 
seminvariants for c2 and cs, and J; the sum of those for c; and c;. Thus the 
characteristic invariants are 


IL=r, I,=n7+b, Iz =nern+J+ab+a=-I14+6+1, I,=TI. 


In § 2 it was shown that b, q, k form a fundamental system of formal 
invariants modulo 2 of Q@. Taking the coefficients to be integers modulo 2, 
we obtain the modular invariants b, q = 6, k = 66, where 


b=1,4+_12, 6=ac+(b+1)(a+e) =) 4+]. 
Conversely, from b and 6 we get 
nr = bé, I =(b+1)(64+1). 


This new method of deriving all modular invariants from the seminvariants 
is more direct and simpler than the method employed in the Madison Col- 
loquium, pages 28-32. 












ADDENDA AND ERRATA, VOLUMES, 11, 14 
VoLuUME 11 


Page 25. Ernest B. Lytie.* Proper multiple integrals over iterable fields. 
1. Consider the fundamental relation 


- [ssf fr=f fre fo 


where f is any limited function defined over the limited field 2, and where 
the integrals are Pierpont integrals and hence are applicable to fields which 
are not metric (defined in these Transactions, vol. 11 (1910), p. 26). 
The problem under consideration here is to find the most general conditions 
upon the field 2% under which relation (A) is true. 

Pierpont has shownf that relation (A) is true when the field 2% is metric. 
In a former papert the author found a more general class of fields called 
iterable for which relation (A) holds true. This class of iterable fields includes 
all metric fields and some non-metric fields. 

In this note I show that iterability of the field %, that is, 


jf e=-4%, 


is also a necessary condition that the class of limited functions over % simul- 
taneously satisfy relation (A). 

2. TueoreM 1. [f all limited functions defined over A satisfy relation (A), 
then Y is iterable. 

Consider the contraposite, if 2{ is not iterable then not all limited functions 
over %& satisfy (A); and we see that to prove Theorem 1 it is only necessary 
to show there exists a limited function over a non-iterable field which does 
not satisfy (A). Such a function is as follows: 

Example 1. In A ={2, y}, let 0 = 2 =1; for rational x let OSy=1, 
and for irrational z let 0 = y=}. Letf(2,y) = 1 over this Y. 

This % is not iterable, for 


€ =i, f€=1, 
e/ ba] 


* Presented to the Society (Madison), September 8, 1913. 

+ These Transactions, vol. 7 (1906), p. 167. 

tThese Transactions, vol.-11 (1910), p. 25. 
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and therefore [c does not even exist. Further, f(z,y) here does not 
o/ B 


satisfy relation (A), for 


fs- .. and f [s-=3. 


By combining Theorem 1 above and Theorem 14, p. 35 of my former paper 
cited above, we get the following important theorem: 

THEOREM 2. In order that all limited functions over A simultaneously 
satisfy relation (A), it is necessary and sufficient that A be iterable relative to x. 

3. It is to be noticed that iterability of the field is not necessary in order 
that a single particular limited function satisfy (A), as the following example 
shows. 

Example 2. Let % be defined as in Example 1 above. Let f(z, y) = 1 
when 2 is rational and f(a, y) = 2 when z is irrational. 

Here again % is not iterable, but relation (A) is satisfied, for 


fina. J ft-. f fran fret. 


4. Correction. I wish to call attention to an error in Theorem 8, page 31 
of my former paper cited above. This theorem as there stated will not hold 
for certain fields involving a Pringsheim aggregate* which has a two-dimen- 
sional content greater than zero while each linear section parallel to the z-axis 
(or y) has a linear content equal to zero. 

The proof as there given will hold if we restate the theorem as follows: 

TueoreM 3. Let f(x,y) be limited over the limited field A = M1 + Ae 
where %, and A» are so defined that on each linear section parallel to the x-axis 
(or y) the points of A, and A, are each everywhere dense with respect to the other. 
Let f(x, y) = 0 over A, and f(x, y) = 0 over A,. Then relation (A) is true. 

Theorem 8 was used in no other place, so this error affects no other part 
of that paper. 

The author is indebted to Prof. R. G. D. Richardson for calling his attention 
to the above error; also for suggesting the truth and method of attack of 
Theorem 1 of this paper. 

Tue UNIversity or ILLINOIS, 

November 7, 1913. 


* Pierpont’s Lectures on the Theory of Functions of Real Variables, vol. 1, p. 546. 





ADDENDA AND ERRATA 


VoLuME 14 


Page 65. OswaLp VEBLEN. Decomposition of an n-Space by a Polyhedron. 

Page 66, line 4 of §4, for “consisting” read “whose interior consists.” 

Page 66, line 6 of §4, for “The” read “A.” 

Page 66, line 9 of §4, before the word “According” insert the sentence 
“Tt is easily seen that a region has at most one boundary.” 

Page 66, line 4 of §5, between the words “two-dimensional” and “ poly- 
gonal”’ insert “ polyhedral or a.” 

A polyhedron is defined in §5 as a set of n-dimensional polyhedral regions, 
together with their boundaries, subject to certain restrictions. These re- 
strictions are not properly stated. Instead of modifying the statements as 
they stand, I propose to make a change which simplifies the whole matter 
without any loss of generality. 

It is easy to prove, by an argument like that in §7, that the set of points on 
any polyhedral region together with its boundary can be regarded as com- 
posed of a finite number of convex polyhedral regions together with their 
boundaries. Hence any set of points consisting of a finite number of poly- 
hedral regions and their boundaries may be regarded as consisting of a finite 
set of convex polyhedral regions and their boundaries. In view of this obser- 
vation, we replace the definition at the bottom of page 66 and the top of 
page 67 by the following: 

An n-dimensional polyhedron is a set of points [P] which satisfies the 
following conditions: (1) [ P ] consists of the points in and on the boundaries 
of a finite number of n-dimensional convex polyhedral regions, F;, F2,--+, Fx, 
no two of which have a point in common, and which are such that whenever 
there is an (nm — 1)-dimensional convex region contained in the boundary 
of each of g F’s and containing no point in or on the boundary of any other F, 
q is an even number; (2) there is no subset of [ P ] which has the property (1). 

This change in the definition renders superfluous the corollary (1) of §16 
on page 72, but makes no change in the rest of the paper. 

It is perhaps desirable to call attention to the fact that, according to the 
definition employed in this paper, the boundary of a general region need not 
be a closed set of points. It does, however, require the boundary of a convex 
or polyhedral region in a number-plane to be closed. 
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